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Introduction 

The Ricci flow, flrst introduced by Hamilton [52] three decades ago, is the equation 

-gij = -2R,j, (0.1) 

evolving a Riemannian metric by its Ricci curvature. It now occupies a central position 
as one of the key tools of geometry. It was used in \52\ [53] to classify 3-manifolds with 
positive Ricci curvature and 4-manifolds with positive curvature operator. Hamilton later 
introduced the notion of Ricci flow with surgery [SJ] and laid out an ambitious program 
to prove the Poincare and Geometrization conjectures. In a spectacular demonstration 
of the power of the Ricci flow, Perelman |8H [52] [55] developed new techniques which 
enabled him to complete Hamilton's program and settle these celebrated conjectures (see 
also [201 Eni IZSl [77]). More recently, the Ricci flow was used to prove the Brendle-Schoen 
Differentiable Sphere Theorem [10] and other geometric classification results [51 [80] . 

In addition to these successes has been the development of the Kahler-Ricci flow. If 
the Ricci flow starts from a Kahler metric on a complex manifold, the evolving metrics 
will remain Kahler, and the resulting PDE is called the Kahler-Ricci flow. Cao [15] used 
this flow, together with parabolic versions of the estimates of Yau |123| and Aubin [1], 
to reprove the existence of Kahler-Einstein metrics on manifolds with negative and zero 
flrst Chern class. Since then, the study of the Kahler-Ricci flow has developed into a vast 
field in its own right. There have been several different avenues of research involving this 
flow, including: existence of Kahler-Einstein metrics on manifolds with positive first Chern 
class and notions of algebraic stability [i[M[25l[l0l[751[Sl[5a[Ml[Ml[H9l[90l[9ll[92l[^ 
llllj 11121 1117[ I118[ 11251 1130] ; the classification of Kahler manifolds with positive curvature 
in both the compact and non-compact cases [3l[l6l[Il[22l[2a[2l[50l[75l[79l[57]; and 
extensions of the fiow to non-Kahler settings |47[ IllOj . (These lists of references are far 
from exhaustive). In these notes we will not even manage to touch on these areas. 

Our main goal is to give an introduction to the Kahler-Ricci fiow. In the last two 
sections of the notes, we will also discuss some results related to the analytic minimal 
model program of the first-named author and Tian |102[ I103[ I104[ 11141 1115] . The field has 
been developing at a fast pace in the last several years, and we mention briefly now some 
of the ideas. 

Ultimately, the goal is to see whether the Kahler-Ricci fiow will give a geometric clas- 
sification of algebraic varieties. In the case of real 3-manifolds, the work of Perelman and 
Hamilton shows that the Ricci fiow with surgery, starting at any Riemannian metric, can 
be used to break up the manifold into pieces, each of which has a particular geometric 
structure. We can ask the same question for the Kahler-Ricci fiow on a projective alge- 
braic variety: starting with any Kahler metric, will the Kahler-Ricci flow 'with surgery' 
break up the variety into simpler pieces, each equipped with some canonical geometric 
structure? 

A process of 'simplifying' algebraic varieties through surgeries already exists and is 
known as the Minimal Model Program. In the case of complex dimension two, the idea is 
relatively simple. Start with a variety and flnd '(— l)-curves' - these are special holomorphic 
spheres embedded in the variety - and remove them using an algebraic procedure known 
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as 'blowing down'. It can be shown that after a finite number of these algebraic surgeries, 
the final variety either has a 'ruled' structure, or has nef canonical bundle, a condition 
that can be interpreted as being 'nonpositively curved' in some appropriate sense. This 
last type of variety is known as a 'minimal model'. In higher dimensions, a similar, though 
more complicated, process also exists. It turns out that there are many different ways 
to arrive at the minimal model by algebraic procedures such as blow-downs. However, in 
[7] Birkar-Cascini-Hacon-McKernan introduced the notion of the Minimal Model Program 
with scaling (or MMP with scaling), which, ignoring some technical assumptions, takes a 
variety with a 'polarization' and describes a particular sequence of algebraic operations 
which take it to a minimal model or a ruled surface (or its higher dimensional analogue). 
This process seems to be closely related to the Kahler-Ricci flow, with the polarization 
corresponding to a choice of initial Kahler metric. 

Starting in 2007, Song-Tian [Ml [Ml [M] and Tian dH] proposed the analytic MMP 
using the Kahler-Ricci flow with a series of conjectures, and showed |104j that, in a weak 
sense, the flow can be continued through singularities related to the MMP with scaling. In 
the case of complex dimension two, it was shown by the authors |107j that the algebraic 
procedure of 'blowing down' a holomorphic sphere corresponds to a geometric 'canonical 
surgical contraction' for the Kahler-Ricci flow. 

Moreover, the minimal model is endowed with an analytic structure. Eyssidieux-Guedj- 
Zeriahi [33] generalized an estimate of Kolodziej [63j (see also the work of Zhang |127| ) to 
construct singular Kahler-Einstein metrics on minimal models of general type. In the case 
of smooth minimal models, convergence of the Kahler-Ricci flow to this metric was already 
known by the work of Tsuji in the 1980's |121j . results which were clarified and extended 
by Tian-Zhang |116j . On litaka fibrations, the Kahler-Ricci flow was shown by Song-Tian 
to converge to a 'generalized Kahler-Einstein metric' [1021 1103] . 

These are very recent developments in a field which we expect is only just beginning. 
In these lecture notes we have decided to focus on describing the main tools and techniques 
which are now well-established, rather than give expositions of the most recent advances. 
In particular, we do not in any serious way address 'surgery' for the Kahler-Ricci flow 
and we only give a sketchy outline of the Minimal Model Program and its relation to the 
Kahler-Ricci flow. On the other hand, we have taken the opportunity to include two new 
results in these notes: a detailed description of collapsing along the Kahler-Ricci flow in 
the case of a product elliptic surface (Section [6]) and a description of the Kahler-Ricci flow 
on Kahler surfaces (Section [8]), extending our previous work on algebraic surfaces |107j . 

We have aimed these notes at the non-expert and have tried to make them as self- 
contained and complete as possible. We do not expect the reader to be either a geometric 
analyst or an algebraic geometer. We assume only a basic knowledge of complex manifolds. 
We hope that these notes will provide enough background material for the non-expert 
reader to go on to begin research in this area. 

We give now a brief outline of the contents of these notes. In Section [H we give some 
preliminaries and background material on Kahler manifolds and curvature, describe some 
analytic tools such as the maximum principle, and provide some definitions and results 
from algebraic geometry. Readers may wish to skip this section at first and refer back to 
it if necessary. In Section [21 we describe a number of well-known basic analytic results for 
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the Kahler-Ricci flow. Many of these results have their origin in the work of Calabi, Yau, 
Cheng, Aubin and others [H [131 [13 [261 11231 1124| . We include a more recent argument, 
due to Phong-Sesum-Sturm |85j . for the 'Calabi third-order' estimate in the setting of the 
Kahler-Ricci flow. 

In Section [3] we prove one of the basic results for the Kahler-Ricci flow: the flow 
admits a smooth solution as long as the class of the metric remains Kahler. The result 
in this generality is due to Tian-Zhang |116| . extending earlier results of Cao and Tsuji 
[T5l 11211 I122j . In Section [H we give an exposition of Cao's work [15] - the first paper 
on the Kahler-Ricci flow. Namely, we describe the behavior of the flow on manifolds with 
negative or zero first Chern class. We include in this section the crucial estimate of Yau 
|123| . We give a different proof of convergence in this case, following Phong-Sturm [90| . 
In Section \5\ we consider the Kahler-Ricci flow on manifolds with nef and big canonical 
bundle. This was first studied by Tsuji jl21] and demonstrates how one can study the 
singular behavior of the Kahler-Ricci flow. 

In Section [6l we address the case of collapsing along the Kahler-Ricci flow with the 
example of a product of an elliptic curve and a curve of higher genus. In Section [71 we 
describe some basic results in the case where a singularity for the flow occurs at a finite 
time, including the recent result of Zhang |128j on the behavior of the scalar curvature. 
We also describe without proof some of the results of |101[ 1107] . 

In Section [HI we discuss the Kahler-Ricci flow and the Minimal Model Program. We 
give a brief sketch of some of the ideas of the MMP and how the Kahler-Ricci flow relates 
to it. We also describe some results from |107| and extend them to the case of Kahler 
surfaces. 

The authors would like to mention that these notes arose from lectures given at the 
conference Analytic aspects of complex algebraic geometry, held at the Centre International 
de Rencontres Mathematiques in Luminy, in February 2011. The authors would like to 
thank S. Boucksom, P. Eyssidieux and V. Guedj for organizing this wonderful conference. 
Additional thanks go to V. Guedj for his encouragement to write these notes. 

We would also like to express our gratitude to the following people for providing helpful 
suggestions and corrections: Huai-Dong Cao, John Lott, Gang Tian, Valentino Tosatti and 
Zhenlei Zhang. Finally the authors thank their former PhD advisor D.H. Phong for his 
valuable advice, encouragement and support over the last several years. In addition, his 
teaching and ideas have had a strong influence on the style and point of view of these 
notes. 
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1 Preliminaries 



In this section we describe some definitions and results which will be used throughout the 
text. 

1.1 Kahler manifolds 

Let M be a compact complex manifold of complex dimension n. We will often work in a 
holomorphic coordinate chart U with coordinates {z^, . . . , z") and write a tensor in terms 
of its components in such a coordinate system. We refer the reader to j481 [62] for an 
introduction to complex manifolds etc. 

A Hermitian metric on M is a smooth tensor g = g-j such that (g^j) is a positive 
definite Hermitian matrix at each point of M. Associated to is a (1, l)-form w given by 

u = ^^9i]dz' A chl, (1.1) 

where here and henceforth we are summing over repeated indices from 1 to n. If du = 
then we say that g' is a Kdhler metric and that u is the Kdhler form associated to 
g. Henceforth, whenever, for example, g(t), g, go, . . . are Kahler metrics we will use the 
obvious notation a;(t), a), wq, . . . for the associated Kahler forms, and vice versa. Abusing 
terminology slightly, we will often refer to a Kahler form a; as a Kahler metric. 
The Kahler condition = is equivalent to: 

dkgfj = digi^-j, for all i, j, k, (1.2) 

where we are writing di = d/dz^. The condition (jl.2p is independent of choice of holomor- 
phic coordinate system. 

For examples of Kahler manifolds, consider complex projective space P"" = (C""*"^ \ 
{0})/ ~ where {zq, . . . , Zn) ~ {z'q^ . . . , z'^) if there exists A € C* with Zi = \z[ for all i. We 
denote by [Zq, . . . , Z^] G IP" the equivalence class of (Zq, . . . , Zn) G C"^"*^ \ {0}. Define the 
Fubini-Study metric wps by 

^^FS = ^a91og(|Zo|2 + • • • + |Z„|2). (1.3) 

ZTT 

Note that although |Zop + • • • + jZ^P is not a well-defined function on P", wps is a well- 
defined (1, l)-form. We leave it as an exercise for the reader to check that ups is Kahler. 
Moreover, since the restriction of a Kahler metric to a complex submanifold is Kahler, we 
can produce a large class of Kahler manifolds by considering complex submanifolds of P". 
These are known as smooth projective varieties. 

Let X = X^di and Y = Y^d^ be T^'^ and r°'^ vector fields respectively, and let 
a = Oidz^ and b = h^dz^ be (1,0) and (0,1) forms respectively. By definition this means 
that if (i^, . . . , z"^) is another holomorphic coordinate system then on their overlap, 

X^-X^^ Y^-Y^ d-a— l^-b-'^ (14) 
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Associated to a Kahler metric g are covariant derivatives and which act on the 
tensors X, Y, a, b in the following way: 

VkX' = dkX' + rif^x^, Vj:X' = d^x\ v^y^ = dkY\ v^y^ = + rjy^, (1.5) 

Vktti = dkUi - Tli^aj, V^ai = c^ai, V = dkb^, V^b^ = di:b^- P.^bj, (1.6) 
where F*^ are the Christoffel symbols given by 

^}k = 9%9kl, (1.7) 

for (g(^*) the inverse of the matrix {g^j)- Observe that r*^. = F^^- from ()1.2p . The Christoffel 
symbols are not the components of a tensor, but VfcX*, V^X', ... do define tensors, as the 
reader can verify. Also, if g and g are Kahler metrics with Christoffel symbols F*^, and F*^ 
then the difference F*^ — F^-^ is a tensor. 

We extend covariant derivatives to act naturally on any type of tensor. For example, 
if is a tensor with components W^^ then define 

VmVrf = d^W'J + T\^WS - Ti^wf, V^M^f = chnWl^ + rj^t^f . (1.8) 

Note also that the Christoffel symbols are chosen so that ^kOij = 0. 

The metric g defines a pointwise norm | • |g on any tensor. For example, with X, Y, a, b 
as above, we define 

\X\l=g,jX'xJ, \Y\l=g^-^YW\ |a|2 = /^a,aj, \b\l = g'^^bf^^. (1.9) 

This is extended to any type of tensor. For example, if is a tensor with components 
Wl^ then define \W\l = g^^9fj9pqWfwp . 

Finally, note that a Kahler metric g defines a Riemannian metric g-^. In local coordi- 
nates, write = + ^— ly*, so that d^i = \{dj.i — \/—ldyi) and d-f = ^{d^i + \/—ldyi). 
Then 

9R{dx' , d^j ) = 2Re(g.j) = guidy, , dyj), gR{^^^ ,dyj) = 2lm[g^-^). (1.10) 
We will typically write g instead of g^. 

1.2 Normal coordinates 

The following proposition is very useful in computations. 

Proposition 1.1 Let g be a Kahler metric on M and let S = Sfj be a tensor which is 
Hermitian (that is Sfj = Sj-.) Then at each point p on M there exists a holomorphic 
coordinate system centered at p such that, 

9i-j{p) = ^ij, S--j{p) = \i6ij, dkgfj{p) = ^, \/i,j,k = l,...,n, (1.11) 

for some Ai, . . . , S M, where 6ij is the Kronecker delta. 



7 



Proof It is an exercise in linear algebra to check that we can find a coordinate system 
(z^,...,z^) centered at p (so that p i— )■ 0) satisfying the first two conditions: g is the 
identity at p and S is diagonal at p. Indeed this amounts to the fact that a Hermitian 
matrix can be diagonalized by a unitary transformation. 

For the last condition we make a change of coordinates. Define coordinates (z^, . . . , z") 
in a neighborhood of p by 

/ = - ^^},(0)^^i^ fori = l,...,n. (1.12) 

Writing g-j, S-j for the components of g, S with respect to (z^, . . . , z") we see that 5jj(0) = 

5jj(0) and S^j{0) = Sj-j{0) since dz^/dz^{0) = 5ij. It remains to check that the first 
derivatives of g-j vanish at 0. Compute at 0, 



d^z'' dzb dz^'dz^dz'^ d 



dz^dz^ dz^^"^ ^ dz' dz^ 55^ Q^mdab 

= -rl. + ^% = 0, (1.13) 

as required. □ 

We call a holomorphic coordinate system centered at p satisfying gfjip) = Sij and 
dkdijip) = a normal coordinate system for g centered at p. It implies in particular 
that the Christoffel symbols of g vanish at p. Proposition 11.11 states that we can find a 
normal coordinate system for g at any point p, and that moreover we can simultaneously 
diagonalize any other Hermitian tensor (such as another Kahler metric) at that point. 

1.3 Curvature 

Define the curvature tensor of the Kahler metric g to be the tensor 

i?.-j = -9^r^. (1.14) 

The reader can verify that this does indeed define a tensor on M. We often lower the 
second index using the metric g and define 

^ijkl = 9ni-jRi\-p (1-15) 

an object which we also refer to as the curvature tensor. In addition, we can lower or raise 
any index of curvature using the metric g. For example, R.-^'^^ := Q^^ 9^^ Rfji^j- 
Using the formula for the Christoffel symbols and (II. 2p . calculate 

RiWi = -di&j9ki + 9'nd.9m){^9,j)- (1-16) 
The curvature tensor has a number of symmetries: 
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Proposition 1.2 We have 



(a) Rj-jj^j = Rjfjie = Riik]- 

(Hi) ^mRfjkl = ^^R^-jk-t 

Proof (i) and (ii) follow immediately from the formula (jl.l6p together with the Kahler 
condition (|1.2|) . For (iii) we compute at a point p in normal coordinates for g, 

as required. □ 

Parts (ii) and (iii) of Proposition [L2] are often referred to as the first and second Bianchi 
identities, respectively. Define the Ricci curvature of g to be the tensor 

= /'^.Z.J = (1-18) 

and the scalar curvature R = d'^^Rq to be the trace of the Ricci curvature. For Kahler 
manifolds, the Ricci curvature takes on a simple form: 

Proposition 1.3 We have 

% = -9,ajlogdet(7. (1.19) 

Proof First, recall the well-known formula for the derivative of the determinant of a 
Hermitian matrix. Let A = (^jj) be an invertible Hermitian matrix with inverse {A^^). If 
the entries of A depend on a variable s then an application of Cramer's rule shows that 

4 det A = A^' ( 4 At^ det A. (1.20) 
ds \ds J 

Using this, calculate 

= -^r^ = -c^{g^^digk-q) = -djdi log det g, (1.21) 
which gives the desired formula. □ 
Associated to the tensor R-j is a (1,1) form Ric(ti;) given by 

Ric(a;) = R.^^dz* A dz^. (1.22) 

Proposition 11.31 implies that Ric(a;) is closed. 

We end this subsection by showing that the curvature tensor arises when commuting 
covariant derivatives and Vj. Indeed, the curvature tensor is often defined by this 
property. 
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Proposition 1.4 Let X = X^di, Y = 1^*9^ he T^'" and T"'^ vector fields respectively, and 
let a = a-idz"^ and b = bjdz^ be (1, 0) and (0, 1) forms respectively. Then 



[Vk,Vj]X"' = K^^jX^ (1.23) 
[Vk,Vj]Y^=-B^j^jY7 (1.24) 




where we are writing [V^, Vj] = V^Vj— VjVfc. 

Proof We prove the first and leave the other three as exercises. Compute at a point p in 
a normal coordinate system for g, 



[Vfc, Vj]X^ = dudiX^ - djiduX^ + TZX') = -{^TTk)X' = K\jX\ (1.27) 



Note that the commutation formulae of Proposition 11.41 can naturally be extended 
to tensors of any type. Finally we remark that, when acting on any tensor, we have 
[Vj, Vj] = = [Vj, Vj], as the reader can verify. 

1.4 The maximum principle 

There are various notions of 'maximum principle'. In the setting of the Ricci flow, Hamilton 
introduced his maximum principle for tensors [3Tl|52l|55] which has been exploited in quite 
sophisticated ways to investigate the positivity of curvature tensors along the flow (see for 
example [3l [HI [ini ESj [75l [80] ) . For our purposes however, we need only a simple version of 
the maximum principle. 

We begin with an elementary lemma. As above, (Af , w) will be a compact Kahler 
manifold. 

Proposition 1.5 Let f be a smooth real-valued function on M which achieves its maxi- 
mum (minimum) at a point xq in M . Then at xq, 



Here, if a = ^/ —la^-^dz^ A dz^ is a real (1, l)-form, we write a < (> 0) to mean 
that the Hermitian matrix (fljj) is nonpositive (nonnegative) . Proposition 11.51 is a simple 
consequence of the fact from calculus that a smooth function has nonpositive Hessian (and 
hence nonpositive complex Hessian) and zero first derivative at its maximum. 

Next we introduce the Laplace operator A on functions. Define 



as required. 



□ 



df = and 




(1.28) 



A/ = g^'didjf 



(1.29) 



for a function /. 
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In these lecture notes, we will often make use of the trace notation 'tr'. If a 
^aadz^ A dz^ is a real (1, l)-form then we write 



27r "-ij^ 

tr^ a = g^'a.j = (1-30) 

In this notation, we can write A/ = tr^^ ^^^ddf. 

It follows immediately from this definition that Proposition 11.51 still holds if we replace 
V^ddf < (> 0) in ([138]) by A/ < (> 0). 

For the parabolic maximum principle (which we still call the maximum principle) we 
introduce a time parameter t. The following proposition will be used many times in these 
lecture notes. 

Proposition 1.6 Fix T > 0. Let f = f{x,t) be a smooth function on M x [0, T]. If f 

achieves its maximum (minimum) at (xo,to) G M x [0, T] then either to = or at {xo,tQ), 

df , 

> (< 0) and df = and y/^ddf < (> 0). (1.31) 

Proof Exercise for the reader. □ 

We remark that, in practice, one is usually given a function / defined on a half-open 
time interval [0, T) say, rather than a compact interval. To apply this proposition it may 
be necessary to fix an arbitrary Tq G (0, T) and work on [0, Tq]. Since we use this procedure 
many times in the notes, we will often omit to mention the fact that we are restricting 
to such a compact interval. Note also that Propositions 11.51 and 11.61 still hold with M 
replaced by an open set [/ C M as long as the maximum (or minimum) of / is achieved in 
the interior of the set U. 

We end this section with a useful application of the maximum principle in the case 
where / satisfies a heat-type differential inequality. 

Proposition 1.7 Fix T with < T < oo. Suppose that f = f{x,t) is a smooth function 
on M X [0,T) satisfying the differential inequality 

|-a)/<0. (1.32) 

Then sup(^^t)gA/x[o,T) f{x,t) < sup^^^M f{x,0). 

Proof Fix To G (0,r). For e > 0, define fe = f - et. Suppose that on M x [CTq] 
achieves its maximum at {xQ,tQ). If > then by Proposition II. 6| 

0< (^^- A^ /,(xo,to) < -e, (1.33) 

a contradiction. Hence the maximum of fe is achieved at to = and 

sup f{x,t)< sup /e(x,t)+ero< sup/(x,0) + ero. (1.34) 

(x,i)eMx[0,To] (a:,t)6A'/x[0,To] x&M 

Let e — 7- 0. Since Tq is arbitrary, this proves the result. □ 
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We remark that a similar result of course holds for the infimum of / if we replace 
— A) / < by — A) / > 0. Finally, note that Proposition 11.71 holds, with the same 

proof, if the Laplace operator A in (ll.32|) is defined with respect to a metric g = g{t) that 

depends on t. 



1.5 Other analytic results and definitions 

In this subsection, we list a number of other results and definitions from analysis, besides 
the maximum principle, which we will need later. For a good reference, see [2]. Let (M, w) 
be a compact Kahler manifold of complex dimension n. In these lecture notes, we will be 
concerned only with smooth functions and tensors so for the rest of this section assume 
that all functions and tensors on M are smooth. The following is known as the Poincare 
inequality. 

Theorem 1.8 There exists a constant Cp such that for any real-valued function f on M 
with J^j /w" = 0, we have 

[ /'^" <Cp [ la/pu;", (1.35) 

JM JM 

for = g'^'d.fd^f. 

We remark that the constant Cp is (up to scaling by some universal factor) equal to 
where A is the first nonzero eigenvalue of the operator —A associated to g. 
Next, we have the Sobolev inequality. 

Theorem 1.9 Assume n > 1. There exists a uniform constant Cs such that for any 
real-valued function f on M , we have 

[ \f\''"^''\'\cs(f \df\^u;^+[ |/P^"V (1.36) 

JM J \JM JM J 

for (3 = n/[n — 1) > 1. 



We give now some definitions for later use. Given a function /, define the norm on 
M to be ||/||co(M) = supjvj |/|. We give a similar definition for any subset U C M. Given 
a (real) tensor W and a Riemannian metric g, we define \W'\^ by contracting with in 
the obvious way (cf. Section [LT]) . Define ||W^||co(M,g) to be the C°(M) norm of \W\g. If 
no confusion arises, we will often drop the M and g in denoting norms. 

Given a function / on M, we define for p > 1 the U'{M,uj) norm with respect to a 
Kahler metric u by 

ii/iilp(m,.) = (^j/r^")''. (1.37) 

Note that \\f\\LP{M,uj) II/IIco(m) as p ^ oo. 

We use Vk to denote the (real) covariant derivative of g. Given a function /, write 
V|^/ for the tensor with components (in real coordinates) (Vr)^^ • • • (Vk)^^/ and similarly 
for V acting on tensors. 
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For a function / and a subset U M, define 

k 

WfWc^iU^g) = X] II'^K/Ilc0(i7,9)> (1-38) 
m=0 

and similarly for tensors. 

We say that a tensor T has uniform C°°{M,g) bounds if for each A; = 0, 1,2, . . . there 
exists a uniform constant Ck such that ||T'||c7fe(A/,g) ^ Ck- Given an open subset U Q M 
we say that T has uniform C^^{U,g) bounds if for any compact subset K <^ U there exist 
constants Ci^^k such that < Ck^K- We say that a family of tensors Tt converges 

in C^^{U,g) to a tensor Too if for every compact K C U, and each k = 0,1,2,..., the 
tensors Tt converge to Too in {K, g) . 

Given (3 G (0, 1), define the Holder norm C^{M,g) of a function / by 

ll/lb.(M,,) = y\\oOiM)+snpJ-M^^, (1.39) 

for d the distance function of 5. The C^{M, g) norm for tensors T is defined similarly, except 
that we must use parallel transport with respect to g construct the difference T{p) — T{q). 
For a positive integer k, define ||/||c7fe+/3(M,g) = \\f\\c''{M,g) + \\^Rf\\cP{M,g)^ and similarly 
for tensors. 

Finally, we define what is meant by Gromov-Hausdorff convergence. This is a notion 
of convergence for metric spaces. Given two subsets A and i? of a metric space {X, d), we 
define the Hausdorff distance between A and B to be 

dniA, B) = inf{e > | A C and S C A J (1.40) 

where Af, = Uag^lx G X \ d{a,x) < e}. We then define the Gromov-Hausdorff distance 
between two compact metric spaces X and Y to be 

dGniX,Y) = inf dn{f{X),g{Y)), (1.41) 

where the infimum is taken over all isometric embeddings f : X ^ Z, g : Y ^ Z into 
a metric space Z (for all possible Z). We then say that a family Xt of compact metric 
spaces converges in the Gromov-Hausdorff sense to a compact metric space X^o if the Xt 
converge to Xoo with respect to dcH- 



1.6 Dolbeault cohomology, line bundles and divisors 

In this section we introduce cohomology classes, line bundles, divisors, Hermitian metrics 
etc. Good references for this and the next subsection are [48\ I62j . Let M be a compact 
complex manifold. We say that a form a is d-closed if da = and d-exact if a = di] for 
some form rj. Define the Dolbeault cohomology group ffi'^(M, M) by 

H^^\M,R) = Rclosed real(l,l)-forms} ^ ^^^^^^ 
" {9-exact real (l,l)-forms} 
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A Kahler metric oo on M defines a nonzero element [uj] of H-^' (M, M) . If a cohomology 

class a € H^'^{M,M.) can be written a = [to] for some Kahler metric to then we say that a 
is a Kahler class and write a > 0. 

A basic result of Kahler geometry is the dd-hemma. 

Theorem 1.10 Let {M,u}) be a compact Kahler manifold. Suppose that = [a] £ 
H^'^{M, M) for a real smooth d-closed (1, l)-form a. Then there exists a real-valued smooth 

function (p with a = ^^'^-ddip, which is uniquely determined up to the addition of a con- 
stant. 

In other words, a real (1, l)-form a is 5-exact if and only if it is dd-exact. It is 
an immediate consequence of the 59-Lemma that if u and u' are Kahler metrics in the 
same Kahler class then u' = oj + "^'^^'^Sc^ for some smooth function ip, which is uniquely 
determined up to a constant, and sometimes referred to as a (Kahler) potential. 

A line bundle L over M is given by an open cover {Ua} of M together with collection 
of transition functions {tap} which are holomorphic maps ta/s : f/a n f/^ — >■ C* satisfying 

tajitjia = 1, taptp^ = ta-y- (1-43) 

We identify two such collections of transition functions {ta/j} and {i^^} if we can find 
holomorphic functions fa ■ Ua ^ C* with t'^^ = ^tap- (In addition, we also need 
to identify ({[/«}, {io-/?}), {{U'^},{t'^^}) whenever {U'^} is a refinement of {Ua} and the 
t'^^ are restrictions of the tap. We will not dwell on technical details about refinements 
etc and instead refer the reader to j48j or [62].) Given line bundles L,L' with transition 
functions {tap}-, {t'ap} write LL' for the new line bundle with transition functions {tapt'^i^}. 
Similarly, for any m G Z, we define line bundles by {t^^}- We call L^"^ the inverse of 
L. Sometimes we use the additive notation for line bundles, writing L + L' for LL' and 
mL for L™. 

A holomorphic section s of L is a collection {sa} of holomorphic maps Sq, : [/„ — ?• C 
satisfying the transformation rule Sa = tapsp on Pi ?7^. A Hermitian metric h on L is 
a collection {ha} of smooth positive functions /iq, : C/q, — )• M satisfying the transformation 
rule ha = \tpa\^hp on Ua H Up. Given a holomorphic section s and a Hermitian metric /i, 
we can define the pointwise norm squared of s with respect to h hj \s\f^ = haSa's^ on Ua- 
The reader can check that |s|| is a well-defined function on M. 

We define the curvature Rh of a Hermitian metric /i on L to be the closed (1, 1) 
form on M given by Rh = —^^^ddlog ha on Ua- Again, we let the reader check that 
this is well-defined. Define the first Chern class ci{L) of L to be the cohomology class 
[Rh\ G H^'^{M, M). Since any two Hermitian metrics h, h' on L are related by h' = he~^ for 

some smooth function (p, we see that Rh' = Rh + ^^^ddip and hence ci(L) is well-defined 
independent of choice of Hermitian metric. Note that if /i is a Hermitian metric on L then 
/i™ is a Hermitian metric on L™ and ci{L"^) = mci[L). 

Every complex manifold M is equipped with a line bundle Km , known as the canonical 
bundle, whose transition functions are given by tap = det (^z^p/ dzC^ on Ua H Up, where 
Ua are coordinate charts for M with coordinates z^, . . . , z^- If 5 is a Kahler metric (or 
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more generally, a Hermitian metric) on M then ha = dLet{g%) ^ on Ua defines a Hermitian 

metric on Km- The inverse K~^j of Km is sometimes called the anti- canonical bundle. 
Its first Chern class ci {K^j ) is called the first Chern class of M and is often denoted by 
ci(M). It follows from Proposition 11.31 and the above definitions that ci(M) = [Ric(Li;)] 
for any Kahler metric u on M. 

We now discuss divisors on M. First, we say that a subset y of M is an analytic 
hypersurface if V is locally given as the zero set {/ = 0} of a locally defined holomorphic 
function /. In general, V may not be a submanifold. Denote by y'^s the set of points 
p £ V for which y is a submanifold of M near p. We say that V is irreducible if V^°^ is 
connected. A divisor D on M is a formal finite sum OiVi where Ui £ Z and each Vi 
is an irreducible analytic hypersurface of M. We say that D is effective if the Oi are all 
nonnegative. The support of D is the union of the Vi for each i with 7^ 0. 

Given a divisor D we define an associated line bundle as follows. Suppose that D 
is given by local defining functions fa (vanishing on D to order 1) over an open cover 
Ua- Define transition functions = fa/fi3 on Ua'^Ufi. These are holomorphic and 
nonvanishing in Ua^Up, and satisfy (jl.43p . Write [D] for the associated line bundle, 
which is well-defined independent of choice of local defining functions. Note that the map 
D I— 7- [D] is not injective. Indeed if Z) 7^ is defined by a meromorphic function / on M 
then [D] is trivial. 

As an example: associated to a hyperplane {Zj = 0} in P" is the line bundle H, called 
the hyperplane bundle. Taking the open cover Ua = {Za 0}, the hyperplane is given by 
Zi/Za = in Ua- Thus we can define H by the transition functions ta/3 = Zp/Za- Define 
a Hermitian metric hps on H by 

(%s)a= 12 on Ua- (1.44) 

I^Ol I^nl 

Notice that Rhps ~ ^FS- The canonical bundle of P" is given by K^n = —(n + l)H and 
ci(P"') = (n + l)[a;Fs] > 0. The line bundle H is sometimes written 0{1). 

1.7 Notions of positivity of line bundles 

Let L be a line bundle over a compact Kahler manifold (M, w). We say that L is positive 
if ci(L) > 0. This is equivalent to saying that there exists a Hermitian metric h on L for 
which Rh is a Kahler form. 

The Kodaira Embedding Theorem relates the positivity of L with embeddings of M 
into projective space via sections of L. More precisely, write H^{M, L) for the vector space 
of holomorphic sections of L. This is finite dimensional if not empty. We say that L is 
very ample if for any ordered basis s = (sq, . . . , sat) of H^{M, L), the map : M — )■ P^ 
given by 

is{x) = [soix),. . . ,sn{x)], (1.45) 

is well-defined and an embedding. Note that so{x), . . . , s^ix) are not well-defined as el- 
ements of C, but [so(x), . . . , sn{x)] is a well-defined element of P^ as long as not all the 
Si{x) vanish. We say that L is ample if there exists a positive integer mo such that is 
very ample for all m > tuq. The Kodaira Embedding Theorem states: 
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Theorem 1.11 L is ample if and only if L is positive. 

The hard part of this theorem is the 'if direction. For the other direction, assume that 
is very ample, with (sq, ■ ■ ■ ,si\f) a basis of H^{M,U^). Since M is a submanifold of 

P", we see that t^wps is a Kahler form on M and if h is any Hermitian metric on then 

by definition of t^, 

.>FS = -^dd\ogh + ^dd\og{\so\l + ■■■ + \sn\1) = Rh + ^ddf, (1.46) 

for a globally defined function /. This implies that ^i*ujps S ci(L) and hence ci(L) > 0. 

We say that a line bundle L is globally generated if for each x £ M there exists a holo- 
morphic section s of L such that s{x) ^ 0. If L is globally generated then given an ordered 
basis s = (sq, . . . ,sn) of holomorphic sections of L, we have a well-defined holomorphic 
map is : M ^ given by (jl.45p (although it is not necessarily an embedding). We say 
that a line bundle L is semi-ample if there exists a positive integer mo such that L^o is 
globally generated. Observe that if L is semi-ample then, by considering again the pull- 
back of ujps to M by an appropriate map t^, there exists a Hermitian metric h on L such 
that Rh is a nonnegative (l,l)-form. That is, ci(L) contains a nonnegative representative. 

We next discuss the pairing of line bundles with curves in M. By a curve in M we 
mean an analytic subvariety of dimension 1. If C is smooth, then we define 

L-C= [ Rh, (1.47) 
Jc 

where h is any Hermitian metric on L. By Stokes' Theorem, L • C is independent of 
choice of h. If C is not smooth then we integrate over C^'^^, the smooth part of C (Stokes' 
Theorem still holds - see for example [H], p. 33). We can also pair a divisor D with a curve 
by setting D-C = [D] ■ C, and we may pair a general element a G H^'^{M, M) with a curve 
C by setting a ■ C = f^^T] for i] £ a. 

We say that a line bundle L is nef if L • C > for all curves C in M ('nef is an 
abbreviation of either 'numerically eventually free' or 'numerically effective', depending on 
whom you ask). It follows immediately from the definitions that: 

L ample =^ L semi-ample =^ L nef. (1-48) 

We may also pair a line bundle with itself n times, where n is the complex dimension 
of M. Define 

Ci(L)" := [ {RhT. (1.49) 
JM 

Moreover, given any a G //^'^(M, R) we define a" = ry" for rj £ a. 

Assume now that M is a smooth projective variety. We say that a line bundle L on 
M is big if there exist constants ttt-q and c > such that dimi7'^(M, L™) > cm" for all 
m > mo. It follows from the Riemann-Roch Theorem (see [57^ I71j. for example) that a nef 
line bundle is big if and only if ci(L)"' > 0. It follows that an ample line bundle is both 
nef and big. If M has Km big then we say that M is of general type. If M has Km nef 
then we say that M is a smooth minimal model. 
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We define the Kodaira dimension of M to be the infimum of k G [—00,00) such that 
there exists a constant C with dim. {M , K^^) < Cm'^ for all positive m. In the special 
case that all H^{M,K^) are empty, we have k = —00. The largest possible value of k is 
n. We write kod(M) for the Kodaira dimension k, of M. Thus if M is of general type then 
kod(M) = n. If M is Fano, which means that ci(M) > then kod(M) = —00. 

If Km is semi-ample then for m sufficiently large, the map : M — )■ given by 
sections of K'^j has image a subvariety Y, which is uniquely determined up to isomorphism. 
Y is called the canonical model of M and dimY = kod(M) |71j . 

We now quote some results from algebraic geometry: 

Theorem 1.12 Let M be an projective algebraic manifold. 

(i) Let a be a Kdhler class and let L be a nef line bundle. Then a + sci(L) is Kdhler 
for all s > 0. 

(a) (Kawamata's Base Point Free Theorem) If L is nef and aL — Kx is nef and big for 
some a > then L is semi-ample. 

(Hi) (Kodaira 's Lemma) Let L be a nef and big line bundle on M . Then there exists an 
effective divisor E and 5 > such that ci{L) — eci{\E\) > for all e G (0,5]. 

Proof For part (i), see for example Proposition 6.2 in |34] or Corollary 1.4.10 in [7T]. For 
part (ii), see [59l[97j. For part (iii), see for example p. 43 of [34] • D 

It will be useful to gather here some results from complex surfaces which we will make 
use of later. First we have the Adjunction Formula for surfaces. See for example |48j or 

m- 

Theorem 1.13 Let M be a Kdhler surface, with C an irreducible smooth curve in M . 
Then if g{C) is the genus of C , we have 

l + ^^i^^±^ = g{C). (1.50) 

Moreover, if C is an irreducible, possibly singular, curve in M , we have 

l+ '^^^-^ + ^-^ >0, (1.51) 

with equality if and only if C is smooth and isomorphic to . 

Note that C • C is well-defined, since M has complex dimension 2 and so C is both 
a curve and a divisor. We may write instead of C • C. Generalizing the intersection 
pairing, we have the cup product form on H^'^{M,'R) given by a • /3 = Jj^jd A /3. Again, 
we write instead of a • a. A divisor D in M defines an element of H^'^{M,M) by 
D I— 7- [Rh\ £ H^'^{M^'U) for h a Hermitian metric on the line bundle [D], and this is 
consistent with our previous definitions. 

We have the Hodge Index Theorem for Kahler surfaces (see for example Theorem 
IV.2.14 of [6] or p.470 of 
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Theorem 1.14 The cup product form on H^'^{M, M) is non- degenerate of type (1, k — 1), 
where k is the dimension of H^'^(M,M). In particular, if a £ H^'^{M,M.) satisfies > 
then for any /3 G H^^'^{M,R), 

a-/3 = ^ /32<Oor/3 = 0. (1.52) 

Finally, we state the Nakai-Moisliezon criterion for Kaliler surfaces, due to Buclidahl 
and Lamari |1H [70] . 

Theorem 1.15 Let M be a Kdhler surface and j3 he a Kdhler class on M . If a £ 
H^'^iyM^M.) is a class satisfying 

> 0, a • /? > 0, a • C > 

for every irreducible curve C on M , then a is a Kdhler class on M. 

A generalization of this to Kahler manifolds of any dimension was established by 
Demailly-Paun |37j . 
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2 General estimates for the Kahler-Ricci flow 



In this section we introduce the Kiihler-Ricci flow equation. We derive a number of fun- 
damental evolution equations and estimates for the flow which will be used extensively 
throughout these notes. In addition, we discuss higher order estimates for the flow. 

2.1 The Kahler-Ricci flow 

Let {M,loq) be a compact Kahler manifold of complex dimension n. A solution of the 
Kahler-Ricci flow on M starting at ujq is a family of Kahler metrics u = ui(t) solving 

d 

— w = -Ric(w), uj\t=o = uJo. (2.1) 
at 

Note that this differs from Hamilton's equation (jO.ip by a factor of 2: see Remark 12.111 

For later use it will be convenient to consider a more general equation than (12. ID . 
namely 

—u = -Ric(a;) - vuj, Lo\t=o = ^0, (2.2) 

where z/ is a fixed real number which we take to be either u = Q or v = \. As we will 
discuss later in Section HI the case u = \ corresponds to a rescaling of (j2.ip . When v = \ 
we call (12. 2p the normalized Kahler-Ricci flow. 

We have the following existence and uniqueness result. 

Theorem 2.1 There exists a unique solution oo = uj{t) to \2.S\) on some maximal time 
interval [0, T) for some T with < T < oo. 

Since the case i/ = 1 is a rescaling of (12. 1|) . it suffices to consider (12. 1[) . We will provide 
a proof of this in Section [3l and show in addition that T can be prescribed in terms of 
the cohomology class of [ujq] and the manifold M. Theorem 12.11 also follows from the well- 
known results of Hamilton. Indeed we can use the short time existence result of Hamilton 
[52j (see also [38]) to obtain a maximal solution to the Ricci flow ^Qij = —Rij on [0, T) 
starting at for some T > 0. Since the Ricci flow preserves the Kahler condition (see e.g. 
[55]). g{t) solves (|2.ip on [0,T). Note that this argument does not explicitly give us the 
value of T. 

A remark about notation. When we write tensorial objects such as curvature tensors 
Rfjf^j, covariant derivatives Vj, Laplace operators A, we refer to the objects corresponding 
to the evolving metric co = uj{t), unless otherwise indicated. 

2.2 Evolution of scalar curvature 

Let CO = uj{t) be a solution to the Kahler-Ricci flow ()2.2p on [0, T) for T with < T < oo. 
We compute the well-known evolution of the scalar curvature. 

Theorem 2.2 The scalar curvature R of ui = uj{t) evolves by 

^ = AR + \Ric{io)\^ + uR, (2.3) 
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where |Ric(a;)p = g^^g^'^R-jRf^j. Hence the scalar curvature has a lower bound 

R{t) > -i^n - Coe-^^ (2.4) 

for Cq = — inf A/ -R(O) — z^n. 

Proof Taking the trace of the evolution equation (j2.2p gives 

9''§-^9M = -R-i^n. (2.5) 
Since R = —g^^didjlogdet g we have 

^ = -9^'d,dj (<7'^^|<7h) - d^djlogdetg (2.6) 

= AR + g^'g^^R^jR.-^ + uR, (2.7) 
as required. For (|2.4p . we use the elementary fact that n|Ric(c<j)p > R? to obtain 

^ \ 1 1 

— - A ) i? > -RiR + vn) = -{R + vnf - viR + vn). (2.8) 
at J n n 

Hence 

|-A)(e'^*(i? + z.n))>0. (2.9) 

By the maximum principle (see Proposition 11.71 and the remark following it), the quantity 
e'^^{R + i^n) is bounded below by infjvf R{0) + vn, its value at time t = 0. □ 

We remark that although we used the Kahler condition to prove Theorem 1 2. 2 1 in fact 
it holds in full generality for the Riemannian Ricci flow [52] (see also |30j). 
Theorem 12.21 implies a bound on the volume form of the metric. 



Corollary 2.3 Let uj = u}{t) be a solution of \2. ^|) on [0, T) and Cq as in Theorem \2.S\ 

(i) If ly = then 

w"(t) < e^°*tj"(0). (2.10) 

In particular, if T is finite then the volume form a;" (t) is uniformly bounded from 
above for t G [0, T). 

(ii) If u = \ there exists a uniform constant C such that 

a;"(t) < e^«(i"'^"*)a;"(0). (2.11) 

In particular, the volume form uj^{t) is uniformly bounded from above for t £ [0, T). 
Proof We have 

4- log ^^^^ = g^'^gr, = -R-vn< Coe-"'. (2.12) 

Integrating in time, we obtain (j2.10p and (j2.1ip . □ 
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2.3 Evolution of the trace of the metric 

We now prove an estimate for the trace of the metric along the Kahler-Ricci flow. This 
is originally due to Cao |15j and is the parabolic version of an estimate for the complex 
Monge- Ampere equation due to Yau and Aubin [H I124j . We give the estimate in the form 
of an evolution inequality. We begin by computing the evolution of ti^ uj, the trace of oj 
with respect to a fixed metric w, using the notation of Section [1.4[ 

Proposition 2.4 Let uj he a fixed Kdhler metric on M , and let oj = uj{t) he a solution to 
the Kdhler- Ricci flow 112.^) . Then 

^ - a) tr<,a; = -utv^u- f/^'Rj'gq - ^ 9^" i''^ ^9f^-,9m^ (2.13) 

where R^^^ ^ ^ denote the curvature and covariant derivative with respect to g. 
Proof Compute using normal coordinates for g and the formula (|1.16|) . 

Atr^a; = /*=afca,(r5.T) 



9'H^k^Jr)g^] + 9'^9''^k(kg- 
= V% - r % + rg'^g'^d^g^jd^g,-,, (2.14) 

and 

d _ 

— tr^w = -g^'Rfj -vtTcoOj, (2.15) 
and combining these gives (j2.13p . □ 

We use Proposition 12.41 to prove the following estimate, which will be used frequently 
in the sequel: 

Proposition 2.5 Let to he a fixed Kdhler metric on M , and let oj = uj{t) he a solution to 
\2.S^) . Then there exists a constant C depending only on the lower hound of the hisectional 
curvature for g such that 

— - A j log tr<i UJ < Ctr^ Qj-u. (2.16) 



Proof First observe that for a positive function /, 



It follows immediately from Proposition 12.41 that 
— - A I loK tr,;, UJ 



-utT^ UJ - f/'^Rj'gr, + - r /"/'V.fl zV-5fc5 . (2.18) 
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We claim that 

V " - 5^^/^5''V,5 .Vj5fc5 < 0. (2.19) 

To prove this we choose normal coordinates for g for which g is diagonal. Compute using 
the Cauchy-Schwarz inequality 



\dtrcj^\l 



= T.T.9H^^g,Jmg,-,) 

j,k i 



j,k \ i 



l/2\ 2 



n' 



l/2\ 2 



<{tT^u)Y,9''9"dkg,-^d^g^j, (2.20) 

where in the second-to-last line we used the Kahler condition to give dig^j = djg--j. The 
inequality (f2:20]l gives exactly (f2J9]l 

We can now complete the proof of the proposition. Define a constant C by 

C = — inf {Rii{j{x) I {S^i, • • • ,52"} is orthonormal w.r.t. g at x, i,j = 1, . . . ,n}, (2.21) 

which is finite since we are taking the infimum of a continuous function over a compact 
set. 

Then computing at a point using normal coordinates for g for which the metric g is 
diagonal we have 

V% = E 9''Rkk^^9u >-CY.9''Y.9^^ = "^(t^^ ^) (t^. ci) • (2.22) 

k i 

Combining (I2T8D . (I2T9D and (12:22]) yields (I2T6D . □ 
2.4 The parabolic Schwarz Lemma 

In this section we prove the parabolic Schwarz lemma of |102j . This is a parabolic version 
of Yau's Schwarz lemma |123| . We state it here in the form of an evolution inequality. 
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Theorem 2.6 Let f : M ^ N he a holomorphic map between compact complex manifolds 
M and N of complex dimension n and k respectively. Let ujq and ujn be Kdhler metrics 
on M and N respectively and let uj = uj{t) be a solution of Ii2. S\) on M x [0,T), namely 

d 

—u = -Ric(a;) - i^uj, uj\t=o = too, (2.23) 
ot 

for t E [0, T), with either u = {) or u = 1. Then for all points of M x [0, T) with tii_j{f*u}i\i) 
positive we have 

d 



Ql-^j log tr^(/*L^iv) < C^tr^(/*L^jv) + z^, (2.24) 

where Cn is an upper bound for the bisectional curvature of(jJN- 

Observe that a simple maximum principle argument immediately gives the following 
consequence which the reader will recognize as similar to the conclusion of Yau's Schwarz 
lemma. 

Corollary 2.7 If the bisectional curvature of ujn has a negative upper bound Cn < on 
N then there exists a constant C > depending only on Cn, ^q, o-nd v such that 
tra;(/*WAr) < C on M X [0,T) and hence 

0J>^f*uJN, onMx[0,T). (2.25) 

In practice, we will find the inequality (j2.24p more useful than this corollary, since the 
assumption of negative bisectional curvature is rather strong. For the proof of Theorem 
we will follow quite closely the notation and calculations given in 



Proof of Theorem 12.61 Fix x in M with f{x) = y £ N, and choose normal coordinate 
systems (z*)j=i^...^„ for g centered at x and {w°')a=i,...,K for g^ centered at y. The map / is 
given locally as (/^, . . . , f^) for holomorphic functions /" = /"(2;^, . . . , z"). Write for 
^/". To simplify notation we write the components of gN as h^-^ instead of {gN)a~p- The 

components of the tensor f*gN are then f^fjh^ and hence ir^ {f*^^) = g^^ftfj^a'p- 
Writing u = tv^ {f*ujj\f) > 0, we compute at x, 

An = g'"'dkd^ ig^^ffT^K-p 



= R^'frf^K-p + )(9j/)/i,^ - g''g^'S-p^-,frf^flff, (2.26) 

for S^-^^g the curvature tensor of g^ on N. Next, 

^ = -g'V (I^h) /r/f V = R^'ftlfK^ + (2-27) 

Combining ([2:26]) and ^^TTI) with ([ZTT]) . we obtain 

^1 - a) fog^ = \9''<f'S^-p^-,fTT^flf! 

+ - 1 ^ - /'5^X5fc/r)(9jf )^« I + y. (2.28) 
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If Ctv is an upper bound for the bisectional curvature of we see that 



■^afi-ySJi J j J k 

and hence (j2.24p will follow from the inequality 



9''g''S^-,-,f:f^flff < Cnu\ (2.29) 



u 



g"'g'\dkfn{dd^)h^-p < 0. (2.30) 



The inequality (|2.30p is analogous to (j2.19p and the proof is almost identical. Indeed, at 
the point x, 



\9n\l= E ftf^dkftdkf^ 

i,j,k,a,l3 

1/2 / X 1/2 



< E i/rii//ifEi^^/"i') (ei^^// 

i,a \ k / 



1/2N 2 



^ E i//n E i^'^/"!' = ^9''g''id,fnid,f^)h^-p, (2.31) 

\j,/3 / \i,k,a J 

which gives KMl . □ 



2.5 The 3rd order estimate 

In this section we prove the so-called '3rd order' estimate for the Kahler-Ricci flow assuming 
that the metric is uniformly bounded. By 3rd order estimate we mean an estimate on the 
first derivative of the Kahler metric, which is of order 3 in terms of the potential function. 
Since the work of Yau |124j on the elliptic Monge- Ampere equation, such estimates have 
often been referred to as Calabi estimates in reference to a well-known calculation of Calabi 
|13j . There are now many generalizations of the Calabi estimate [271 [95| 1119^ 11201 1126j . A 
parabolic Calabi estimate was applied to the Kahler-Ricci flow in [15]. Phong-Sesum-Sturm 
[85[ later gave a succinct and explicit formula, which we will describe here. 

Let uj = u;(t) be a solution of the normalized Kahler-Ricci flow (j2.2p on [0, T) for 
< T < oo and let cD be a fixed Kahler metric on M. We wish to estimate the quantity 
5 = \Vg\^ where V is the covariant derivative with respect to g and the norm | • | is taken 
with respect to the evolving metric g. Namely 

S = g''g'"'g^''Vigkg^J^. (2.32) 

Define a tensor by 

^t, := rf, - f = g'^^Vwa- (2.33) 
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We may rewrite S as 

G! = l\I/|2 = J^n^Pn -Vl 

ip jq 

We have the following key equality of Phong-Sesum-Sturm [85] . 



5=|^|2 = 5^V^g,^^t^,',. (2.34) 



Proposition 2.8 With the notation above, S evolves by 



- a) 5 = -|VM/|2 - iVM/p + z.|^|2 - 2Re (/V^ff,jV%/f J , (2.35) 

where = g^^Va and R.^'' := g^^R^^^- 
Proof Compute 

= <7^'/^,j ({A^%)¥~^ + ^%(E^^)) + + (2.36) 

where we are writing A = g^°'V for the 'rough' Laplacian and A = g^^V^Va for its 
conjugate. While A and A agree when acting on functions, they differ in general when 
acting on tensors. In particular, using the commutation formulae (see Section [1.3p . 

AM/j, = AM/j, + Rl'¥,^ + - R,'^!]^. (2.37) 

Combining (fCTjl and ^TTl) . 



AS = 2Re U^V^5H(^^fp)^ J + |VM/|^ + |V^ 



+ R^'9^^9,-MX, + g^'R'i^g.j^^A " a^'d'^Rkf^'v^q (2-38) 



tp^jq < 9'' R^^iikt^ip^jq n y ^^M^tp^jq 

We now compute the time derivative of S given by ()2.34p . We claim that 

d 



^^^fp = A^^p-V%/. (2.39) 



Given this, together with 



we obtain 



= R^^ + ug^\ ^^g,j = -R,j - i^g.j, (2.40) 



1^ = 2Re {g^^g'^^ga [a^I - V%/) ^^^^) + i?^'/^<7,i*fp^,^, 

+ g^'R^i^^j^m^ - g^'g'i^R^fl>%¥~^ + (2.41) 



Then (iOSjl follows from (iOSll and ^(Tm . 
To establish (j2.39p . compute 



dt dt 
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On the other hand, 

V,*^, = d,{T% - t%) = - (2.43) 

and hence 

= g^^'VaVi^l = V%/- - V,i?/. (2.44) 

where for the last equahty we have used the second Bianchi identity (part (iii) of Proposition 
[L2l) . Then (|239|) follows from (I2:i2l) and (IMIl . □ 



Using this evolution equation together with Proposition 12. 4^ we obtain a third order 
estimate assuming a metric bound. 

Theorem 2.9 Let u = u){t) solve \2.S\) and assume that there exists a constant Co > 
such that 

—ujo <uj < CoiOQ. (2.45) 
Then there exists a constant C depending only on Cq and ujq such that 

S := \Vg,g\^ < C. (2.46) 
In addition, there exists a constant C depending only on Cq and coq such that 

^-A)5<-i|Rm|2 + C", (2.47) 

where |Rmp denotes the norm squared of the curvature tensor Rgi^j- 
Proof We apply (j2.35p . First note that 

= /^V.A,/ - g^'^R^,; - g'^nAia' + a^^Aj^". (2-48) 

Then with g = go, we have, using (|2.45|) . 

2Re (/^g5Pg,^V%/¥|;) < Cr{S + VS) < 2C,{S + 1), (2.49) 
for some uniform constant Ci. Hence for a uniform C2, 

^ - 5 < -I W|2 - |V^|2 + C2S + C2. (2.50) 

On the other hand, from Proposition 12.41 and the assumption (|2.45|) again, 

^-A)triL.<C3-^5, (2.51) 

for a uniform C3 > 0. Define Q = S + C'j,{l + C2)tr(2, and compute 

d 



AJ Q < -5 + C74, (2.52) 

for a uniform constant C4. It follows that S is bounded from above at a point at which Q 
achieves a maximum, and (j2.46p follows. 
For (l2:47l) . observe from (12:431) that 

I = 1^.^ ^ - R r Y > -iRmP - C5. (2.53) 

I I I ihp ibp ' ~ 2 

Then ^(Tm follows from (l230]l . (1233)1 and ^M)- □ 
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2.6 Curvature and higher derivative bounds 

In this section we assume that we have a solution oj = uj{t) of (j2.2p on [0, T) with < T < oo 
which satisfies the estimates 

—Wo < w < Cqujo, (2.54) 

for some uniform constant Cq. We show that the curvature and all derivatives of the 
curvature of u are uniformly bounded, and that we have uniform estimates of g with 
respect to the fixed metric uq. We first compute the evolution of the curvature tensor. 

Lemma 2.10 Along the flow i2.^) . the curvature tensor evolves by 

d 1 b b - b 

Qi^ilkl ~ 2^^^i'jkl ~ ^^ijkl + ^ijab^ kl ^ibal^ Jk ~ ^iakb^ j J 

^ "Klkl + ^"l^iakl + ^k^Rcjal + ^%^iika) (2-55) 



2 y * ajkl ' j lakl ' k "ijat ' I i] 

where we write Ajg = A + A and A = g^^VpVq. 

Proof Using the formula ^T^^ = —ViRff and the Bianchi identity, compute 

= - (l^pj) %rf, - g^^-jd-, (|r^,) = -R'jR,^,-, - uR-^,j + VjVkR^. (2.56) 
Using the Bianchi identity again and the commutation formulae, we obtain 

= g^-VjVaRn,l + g'''[Va.ViR 



ijkb ^ y L ^ ai ^ li-'^ijkb 
VjVkRfj - R^k^Rabij + ^^i^kbij - ^^-U^kba-j + ^\°'-j^kbia- (2-57) 



And 



'ijkl " b k ijai 

= VjVuRi-^ + [V,, V^]i?,. + /'^[V^, Vdii^.^j 
= ^e^kRij - Rku^aj + Rkl^^tb 

+ R-k^i ^Rbjal - ^k^^j^ibal + ^k^fjbl - ^k^^^ijab- (^-^S) 

Combining (I236I1 . (12371) and (I238D gives (1235]) □ 

In fact we do not need the precise formula (j2.55p in what follows, but merely the fact 
that it has the general form 

d 1 

— Rm = -A]KRm - i^Rm + Rm * Rm + Rc * Rm. (2.59) 

To clarify notation: if A and B are tensors, we write A* B for any linear combination of 
products of the tensors A and B formed by contractions on ^i^-.-ij. and Bj^...j^ using the 
metric g. We are writing Rc for the Ricci tensor. 
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Remark 2.11 A word about notation. The operator is the usual 'rough' Laplace 
operator associated to the Riemannian metric defined in (jl.lOp . Hamilton defined his 
Ricci flow as ■§igij = —^Rij precisely to remove the factor of | appearing in evolution 
equations such as ()2.59p . In real coordinates, the Kahler- Ricci flow we consider in these 
notes is ■§^gij = -Rij. 



Lemma 2.12 There exists a universal constant C such that 

- |Rm|2 < -|VRmp - |VRmp + C\Rm\^ - u\Rmf, 

and, for all points of M x [0, T) where |Rm| is not zero, 



(2.60) 



— - A 1 iRml < — iRmP - -iRml. (2.61) 

dt y ' ' - 2 ' ' 2 ' ' ^ ^ 

Proof The inequality ([^UO]) follows from ([XM]) . Next, note that 
and 

5^'Vi|RmpVj|Rm|2 < 2|Rmp(|VRmp + |VRm|2). (2.63) 
Then (IXUTTl follows from (IXUUD and (ESS}- □ 

We combine this result with the third order estimate from Section [2.51 to obtain: 



Theorem 2.13 Let u = uj{t) solve \2. ^|) and assume that there exists a constant Cq > 
such that 

TT^o < w < Cowo- (2.64) 
Then there exists a constant C depending only on Cq and ujq such that 

|Rm|2 < C. (2.65) 
In addition, there exists a constant C' depending only on Cq and cjq such that 

- A^ |Rm|2 < -|VRmp - |VRm|2 + C' , (2.66) 

Proof From Theorem 12.91 the quantity S = jV^g^p is uniformly bounded from above. 
We compute the evolution of Q = |Rm| + AS for a constant A. From (|2.47p and ()2.6ip . if 
A is chosen to be sufficiently large, we obtain 

^ - A^ Q < -|Rm|2 + C', (2.67) 

for a uniform constant C . Then the upper bound of |Rmp follows from the maximum 
principle. Finally, (I2.66P follows from (I2.60p . □ 
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Moreover, once we have bounded curvature, it is a result of Hamilton [52] that bounds 
on all derivatives of curvature follow. For convenience we change to a real coordinate 
system. Writing Vk for the covariant derivative with respect to 5 as a Riemannian metric, 
we have: 

Theorem 2.14 Let oj = uj{t) solve \2. 2\) on [0, T) with < T < 00 and assume that there 
exists a constant C > such that 

|Rm|2 < C. (2.68) 
Then there exist uniform constants Cm for m = 1,2, . . . such that 

iVS^Rmp < Cm. (2.69) 

Proof We give a sketch of the proof and leave the details as an exercise to the reader. 
We use a maximum principle argument due to Shi [96] (see j31j for a good exposition). In 
fact we do not need the full force of Shi's results, which are local, since we are assuming a 
global curvature bound. 

From Lemma 12.101 and an induction argument (see Theorem 13.2 of [52] ) 

(^^-^A^^V^Rm= ^ V^Rm*V^Rm. (2.70) 

^ ' p+q=m 



It follows that 



^-^AM)|VS^Rm|2 = -|vr'Rm|2+ J] V^Rm * V^Rm * Vg'Rm. (2.71) 

Moreover, since |Rmp is bounded we have from Lemma 12.121 that 

(^-^AM^|Rm|2<-|VMRm|2 + C", (2.72) 

for some uniform constant C' . For the case m = 1, if we set Q = iVuRmp + 74|Rmp for 
A > sufficiently large then from ()2.70p . 

- ^Ar) Q < -iVRRmp + C", (2.73) 

and it follows from the maximum principle that | VigRmp is uniformly bounded from above. 
In addition, 

^ ^-Am^ |VMRm|2 < -|V2Rm|2 + C'" , (2.74) 



^dt 2 

and an induction completes the proof. □ 

Next, we show that once we have a uniform bound on a metric evolving by the Kahler- 
Ricci flow, together with bounds on derivatives of curvature, then we have C°° bounds for 
the metric. Moreover, this result is local: 
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Theorem 2.15 Let uj = oj{t) solve \2. 2\) on U x [0, T) with < T < oo, where U is an 
open subset of M. Assume that there there exist constants Cm for m = 0, 1, 2 . . . such that 

T^^o < w < Cqujo, S <Co and \V^Rm\^ < Cm- (2.75) 
Co 

Then for any compact subset K C U and for m = 1,2,..., there exist constants 
depending only on ujq, K , U and Cm such that 

Mt)\\c^^K,go)<C'm- (2.76) 

Proof This is a well-known result. See [30], for example, or the discussion in [88]. We give 
just a sketch of the proof following quite closely the arguments in [951 1107j . It suffices to 
prove the result on the ball B say, in a fixed holomorphic coordinate chart. We will obtain 
the estimates for uj{t) on a slightly smaller ball. Fix a time t G (0,r]. Consider the 
equations 

Ae^J = - X] ^kkij + Yl 9''^^k9iqd-kgpj =: Qfj. (2.77) 

k k,p,q 

where Ae = X^fc^fc^fc- ^'^^ each fixed we can regard (j2.77p as Poisson's equation 

-^EftJ = Qij- 

Fix p > 2n. From our assumptions, each ||(5jj||LP(_B) is uniformly bounded. Applying 
the standard elliptic estimates (see Theorem 9.11 of [l6] for example) to (|2.77p we see that 
the Sobolev norm H^jjUx,? is uniformly bounded on a slightly smaller ball. From now on, 
the estimates that we state will always be modulo shrinking the ball slightly. Morrey's 
embedding theorem (Theorem 7.17 of [l6]) gives that HftjUcn-/? is uniformly bounded for 
some < (3 < 1. 

The key observation we now need is as follows: the mth derivative of Qjj can be written 
in the form A * B where each A oi B represents either a covariant derivative of Rm or 
a quantity involving derivatives of g up to order at most m + 1. Hence if g is uniformly 
bounded in (7™-+!+/' then each Qjj is uniformly bounded in (7"*+^. 

Applying this observation with m = we see that each ||Qjj||c/3 is uniformly bounded. 
The standard Schauder estimates (see Theorem 4.8 of [56]) give that HftjUcs+zs is uniformly 
bounded. 

We can now apply a bootstrapping argument. Applying the observation with m = 1 
we see that Q^j is uniformly bounded in C^~^^, and so on. This completes the proof. □ 

Combining Theorems 12.131 12.141 and 12.151 we obtain: 

Corollary 2.16 Let lo = uj{t) solve / fO|) on M x [0,r) with < T < oo 
there exists a constant Cq such that 

T^^o < w < CqUJq. 
Then for m = 1,2, . . . , there exist uniform constants Cm such that 

Mt)\\c^^g^)<Cm. (2.79) 



. Assume that 
(2.78) 
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In fact, there is a local version of Corollary 12. 161 Although we will not actual make use 
of it in these lecture notes, we state here the result: 

Theorem 2.17 Let uj = oj{t) solve /i2.2^) on U x [0, T) with < T < oo, where U is an 
open subset of M . Assume that there there exists a constant Cq for such that 

■^000 <io< Coujo. (2.80) 

Then for any compact subset K C U and for m = 1,2,..., there exist constants C'^ 
depending only on ujq, K and U such that 

l|w(i)llc'"(i^,3o) <C- (2.81) 

Proof This can either be proved using the Schauder estimates of Evans-Krylov [41^ [68] 
(see also |3H |47] ) or using local maximum principle arguments [95] . We omit the proof. □ 
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3 Maximal existence time for the Kahler-Ricci flow 



In this section we identify the maximal existence time for a smooth solution of the Kahler- 
Ricci flow. To do this, we rewrite the Kahler-Ricci flow as a parabolic complex Monge- 
Ampere equation. 

3.1 The parabohc Monge- Ampere equation 

Let uj = Lo{t) be a solution of the Kahler-Ricci flow 

d 

—UJ = -Ric(w), uj\t=o = UJQ. (3.1) 
As long as the solution exists, the cohomology class [uj{t)] evolves by 

|Kt)] = -ci(M), KO)] = [a;o], (3.2) 

and solving this ordinary differential equation gives [uj{t)] = [ujq] — tci(M). Immediately 
we see that a necessary condition for the Kahler-Ricci flow to exist for t G [0, t') is that 
[lhq] — tci(M) > for t G [0,t'). This necessary condition is in fact sufficient. If we define 

T = sup{t > I [ojo] - tci{M) > 0}, (3.3) 

then we have: 

Theorem 3.1 There exists a unique maximal solution g{t) of the Kahler-Ricci flow 113. 1\} 
fort^[0,T). 

This theorem was proved by Cao [15] in the special case when ci (M) is zero or definite. 
In this generality, the result is due to Tian-Zhang |116j . Weaker versions appeared earlier 
in the work of Tsuji (see |121j and Theorem 8 of [122j ). 

We now begin the proof of Theorem 13.11 Fix T' < T. We will show that there exists 
a solution to (13. Ih on [0,T'). First we observe that ()3.ip can be rewritten as a parabolic 
complex Monge- Ampere equation. 

To do this, we need to choose reference metrics ujt in the cohomology classes [ujq] — 
tci(M). Since [ujq] — T'ci{M) is a Kahler class, there exists a Kahler form rj in [ujq] — 
T'ci{M). We choose our family of reference metrics ojt to be the linear path of metrics 
between ojq and -q. Namely, define 

X= ^(r?-^o) G -ci(M), (3.4) 

and 

ujt = ujQ + tx= ^{{T' - t)LOo + tr]) G [wo] - fci(M). (3.5) 
Fix a volume form on M with 

'^a91ogl7 = x = Ir^t G -ci(M), (3.6) 



27r ^ dt 
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which exists by the discussion in Section 11.61 Notice that here we are abusing notation 
somewhat by writing ^^^93 log 0. To clarify, we mean that if the volume form 0, is written 
in local coordinates as 

n = a{z\ z''){V^Tdz^ A A • • • A dz" A cii^, 

for a locally defined smooth positive function a then we define ^^^^-ddlogil = ^^^-ddloga. 
Although the function a depends on the choice of holomorphic coordinates, the (1, l)-form 
^^^^-ddloga does not, as the reader can easily verify. 

We now consider the parabolic complex Monge-Ampere equation, for if = {p{t) a real- 
valued function on M, 

^ = log^J 1 ^, u;, + X_ddip>0, ^\t=o = 0- (3.7) 



This equation is equivalent to the Kahler-Ricci flow (j3.ip . Indeed, given a smooth solution 
(p of (|3.7p on [0,T'), we can obtain a solution u = uj{t) of (j3.ip on [0,T') as follows. Define 
uj{t) = ujt + ^^^^-ddLp and observe that ci;(0) = = '^o and 

as required. Conversely, suppose that uj = uj{t) solves (13. ip on [0, T'). Then since cot S 
[w(t)], we can apply the 99-Lemma to find a family of potential functions <f>(t) such that 
u}{t) = ujt + ^^^dd(p{t) and Jj^^j (f{t)ujQ = 0. By standard elliptic regularity theory the 
family {p{t) is smooth on M x [0, T'). Then 

^ddlogu'' = ^uj = ^^dd\ogn + ^^dd (^] , (3.9) 



27r dt 2tt 2tt \dt ^ 

and since the only pluriharmonic functions on M are the constants, we see that 

for some smooth function c : [0, T') — )• M. Now set (^(t) = (^(t) — c{s)ds — (p{0), noting 
that since u;(0) = loq the function (^(0) is constant. It follows that ip = ip{t) solves the 
parabolic complex Monge-Ampere equation (13. 7p . 

To prove Theorem l3.1l then. it suffices to study (|3.7p . Since the linearization of the right 
hand side of p.7p is the Laplace operator ^g[t), which is elliptic, it follows that (13. 7p is 
a strictly parabolic (nonlinear) partial differential equation for ip. The standard parabolic 
theory [73] gives a unique maximal solution of (13. 7p for some time interval [0, Tmax) with 
< 

^max ^ oo. We may assume without loss of generality that Tma^x ^ T' . We will then 
obtain a contradiction by showing that a solution of p.7p exists beyond Tmax- This will 
be done in the next two subsections. 
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3.2 Estimates for the potential and the volume form 

We assume now that we have a solution (p = (p{t) to the parabolic complex Monge- Ampere 
equation ()3.7p on [0, Tmax), ^or < Tmax < T' < T. Our goal is to establish uniform 
estimates for ip on [0, Tmax)- hi this subsection we will prove a estimate for ip and a 
lower bound for the volume form. 

Note that a)j is a family of smooth Kahler forms on the closed interval [0, Tmax]- Hence 
by compactness we have uniform bounds on ojt from above and below (away from zero). 

Lemma 3.2 There exists a uniform C such that for all t G [0,Tmax), 

Mt)\\cHM)<C. (3.10) 

Proof For the upper bound of f, we will apply the maximum principle to 9 := (p — At for 
^ > a uniform constant to be determined later. From (13. 7p we have 

Fix t' G (0, Tjnax)- Since M x [0,t'] is compact, 9 attains a maximum at some point 
(xo,to) G M X [0, t']. We claim that if A is sufficiently large we have to = 0. 
Otherwise to > 0. Then by Proposition 11.61 at (a:;o,to), 

^<j- = \og^— ^ ^-^<log-^-A< -1, 3.12 

at \l \l 

a contradiction, where we have chosen A > 1 + supj,/x[o,rmax] ■^°s('^r/^)- Hence we have 
proved the claim that to = 0, giving supj/xp^t'] 9 < sup^,/ 9\t=o = and thus 

p{x,t) <At< ^Tmax, for (x,t) G M X [0,t']. (3.13) 

Since t' G (0, Tmax) was arbitrary, this gives a uniform upper bound for ip on [0,Tinax)- 

We apply a similar argument to tp = ip + Bt for B a positive constant with B > 
1 - infjv/x[o,Tn,ax] log(a)r/^) and obtain 

p{x,t) > -BT^^^, for (x,t) G M X [0,t'], (3.14) 
giving the lower bound. □ 

Next we prove a lower bound for the volume form along the flow, or equivalently a 
lower bound for (p = dip/dt. This argument is due to Tian-Zhang |116] . 

Lemma 3.3 There exists a uniform C > such that on M x [0, Tmax); 

< w"(t) < CVl, (3.15) 
or equivalently, \\'p\\co is uniformly hounded. 
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Proof The upper bound of uo"^ follows from part (i) of Corollary I2.3i Note that since this 
is equivalent to an upper bound of 99, we have given an alternative proof of the upper 
bound part of Lemma 13. 2[ 

For the lower bound of w", differentiate (|3.7p : 

^ = Avi + tr^X, (3.16) 

where we recall that x = dujt/dt is defined by ()3.4p . Define a quantity Q = (T' — t)ip+(p+nt 
and compute using (|3.16|) . 

— - A j Q = (T' - t)ti^ X + n - Av? = tr^ {cut + (T' - t)x) = tr^ Cot' > 0, (3.17) 

where we have used the fact that 

Aif = tr^ {uj - ut) = n - tr^ Cbf. (3.18) 

Then by the maximum principle (Proposition II . 71) . Q is uniformly bounded from below on 
M X [0, Tjnax) by its infimum at the initial time. Thus 

(r'-t)vi + (^ + nt >r'inf log-f, on Af X [CTrnax), (3.19) 

and since ip is uniformly bounded from Lemma 13.21 and T' — t > T' — Tmax > 0, this gives 
the desired lower bound oi (p. □ 



3.3 A uniform bound for the evolving metric 

Again we assume that we have a solution 93 = ip{t) to (13. 7p on [0,Tmax), for < Tmax < 
T' < T. From Lemma |3.2|, we have a uniform bound for ||v3||co{A/) ^'^d we will use this 
together with Proposition l2.5l to obtain an upper bound for the quantity tr^p to on [0, Tmax). 
This argument is similar to those in [H I124j (see also [U] and Lemmas 14.31 and 14.81 below) . 
We will then complete the proof of Theorem 13.11 

Lemma 3.4 There exists a uniform C such that on M x [0,Tmax)) 

tr^o w < C. (3.20) 

Proof We consider the quantity 

Q = \ogtY^^ uj - Alp, (3.21) 

for j4 > a uniform constant to be determined later. For a fixed t' E (0,Tmax)i assume 
that Q on M X [0, t'] attains a maximum at a point (xq, to)- Without loss of generality, we 
may suppose that to > 0. Then at (a;o,to)) applying Proposition 12.51 with Co = wq, 

< - A^ Q < Cotr^ UQ- + Al\^ 

= tr^ (Cqujq - AC^t,^ - ^ log — + An, (3.22) 
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for Co depending only on the lower bound of the bisectional curvature of gQ. Choose A 
sufficiently large so that Auto ~ i^o + 1)^0 is Kahler on M. Then 

tr^^ (CqWo - Au)ta) < -t^o; '^o, (3.23) 

and so at (xq, to)) 

tr^wo + ^log-^ < An, (3.24) 

and hence 

tr^wo + Alog— < C, (3.25) 

for some uniform constant C. At (^0,^0)5 choose coordinates so that 

{9o)ij = ^ij and g-j = Xi6ij, for i,j = l,...,n, (3.26) 
for positive Ai, . . . , A„,. Then ()3.25p is precisely 

fj(^ + AlogAi) <a (3.27) 

Since the function x 1— t- ^ + A log x for x > is uniformly bounded from below, we have 
(for a different C), 

^ + AlogA,^<C, fori = l,...,n. (3.28) 

Then AlogAj < C, giving a uniform upper bound for Aj and hence (tr^^g a;)(xo, to)- Since 
if is uniformly bounded on M x [0,Tjnax) we see that Q(xo,to) is uniformly bounded from 
above. Hence Q is bounded from above on M x [0, t'] for any t' < Tmax. Using again that 
ip is uniformly bounded we obtain the required estimate (j3.20p . □ 

Note that we did not make use of the bound on ip in the above argument. By doing 
so we could have simplified the proof slightly. However, it turns out that the argument of 
Lemma 13.41 will be useful later (see Lemma [5.51 and Section [7] below) where we do not have 
a uniform lower bound of (p. 

As a consequence of Lemma l3.4|, we have: 

Corollary 3.5 There exists a uniform C > such that on M x [0,Tmax), 

^ojQ <UJ< CojQ. (3.29) 

Proof The upper bound follows from Lemma |3.4[ For the lower bound, 

1 (jj" 
tr.^0 < ^^_-^^, (tr^o ^T~^^ ^ ^' (3-30) 

using Lemma l3.3i To verify the first inequality of (j3.30p . choose coordinates as in (|3.26p 
and observe that 

1 + . . . + < 1 (Ai + --- + An)"-^ ^ ^3 3^^ 

Ai An (n-1)! Ai---A„ 

for positive Aj. □ 
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We can now finish the proof of Theorem 13.11 



Proof of Theorem 13.11 Combining Corollary 13.51 witli Corollary 12. 16( we obtain uniform 
C°° estimates for g{t) on [0, Tmax)- Hence as t — )■ Tmax, the metrics g{t) converge in C°° to 
a smooth Kahler metric g{T-aiax) and thus we obtain a smooth solution to the Kahler-Ricci 
flow on [0,Tmax]- But we have already seen from Theorem 12.11 (or by the discussion at 
the end of Section 13. ip that we can always find a smooth solution of the Kahler-Ricci flow 
on some, possibly short, time interval with any initial Kahler metric. Applying this to 
g{Traay.)-, wc obtain a solution of the Kahler-Ricci fiow g{t) on [0,Tmax + e) for e > 0. But 
this contradicts the definition of Tmaxi and completes the proof of Theorem 13.11 □ 
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4 Convergence of the flow in the cases Ci(M) < and Ci(Af) = 



In this section we show that the Kahler-Ricci flow converges, after appropriate normal- 
ization, to a Kahler-Einstein metric in the cases ci(M) < and ci(M) = 0. This was 
originally proved by Cao [15] and makes use of parabolic versions of estimates due to Yau 
and Aubin [H I124j and also Yau's well-known estimate for the complex Monge- Ampere 
equation |124j . 



4.1 The normaUzed Kahler-Ricci flov^ v^hen ci(Af) < 

We first consider the case of a manifold M with ci(M) < 0. We restrict to the case when 
[loq] = — ci(M). By Theorem 13.11 we have a solution to the Kahler-Ricci flow (|3.ip for 
t E [0, oo). The Kahler class [u}{t)] is given by (1 + t)[wo] which diverges as t — )■ oo. To 
avoid this we consider instead the normalized Kahler-Ricci flow 

d 

—u = -Ric{uj) - uj, u\t=Q = ujo- (4.1) 

This is just a rescaling of (j3.ip and we have a solution uj{t) to (j4.ip for all time. Indeed if 
Cj{s) solves ■§^uj{s) = — Ric(a;(s)) for s G [0, oo) then uj{t) = uj{s)/{s + 1) with t = log(s + 1) 
solves (j4.ip . Conversely, given a solution to (j4.ip we can rescale to obtain a solution to 

m- 

Since we have chosen [loq] = — ci(M), we immediately see that [(jj{t)] = [ujo] for all t. 
The following result is due to Cao [E] . 



Theorem 4.1 The solution oj = uj{t) to Ii4-1\ ) converges in C°° to the unique Kdhler- 
Einstein metric cjke S — ci(M). 

We recall that a Kahler-Einstein metric is a Kahler metric wke with Ric(a;KE) = /UWke 
for some constant /i S M. If wke S — ci(M) then we necessarily have /i = — 1. The 
existence of a Kahler-Einstein metric on M with ci (M) < is due to Yau |124j and Aubin 
[1] independently. 

The uniqueness of wke S — ci(M) is due to Calabi [12] and follows from the maximum 
principle. Indeed, suppose w^^jWke G — ci(M) are both Kahler-Einstein. Writing li;^^, = 
'^KE + ^^^dd{p, we have Ric(u;^g) = — ^^ke ~ R'ic('^KE) — '^^^'^^^ ^'^d hence 

(wKE + ^as^)" , , 

l^g^J<E ^ = ^ + (4.2) 

'^KE 

for some constant C By considering the maximum and minimum values of 99 + C on M 
we see that + C = and hence cjke = "^ke- 

To prove Theorem l4.lt we reduce (14. ip to a parabolic complex Monge- Ampere equation 
as in the previous section. Let Q be a volume form on M satisfying 



\^dd\og^ = ioo€ -ci(M), / n = [ io^. 



(4.3) 
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Then we consider the normalized parabolic complex Monge- Ampere equation, 

^ = i„g(i*±^^-^, .„ + ^9a^>o. ^u„ = o. (4.4) 

at il 2tt 

Given a solution tp = ip{t) of (I4.4|) . the metrics uj = ujq + ^^^'ddtp solve (I4.ip . Conversely, 
as in Section [3.11 given a solution lo = uj{t) of (j4.ip we can obtain via the 9f?-Lemma a 
solution ip = ip{t) of (fO]) . 

We wish to obtain estimates for ip solving (j4.4p . First: 

Lemma 4.2 VFe /lawe 

(^ij There exists a uniform constant C such that for t in [0, oo), 

\\m\y>iM)<Ce-\ (4.5) 

(a) There exists a continuous real-valued function ipoo on M such that for t in [0,oo), 

||<^(i)-¥.oo|bo{M) <'^e-* (4.6) 

(Hi) \\^{t)\\co(^M) uniformly hounded for t G [0, oo). 

(iv) There exists a uniform constant C such that on M x [0,oo), the volume form of 
ui = uj{t) satisfies 



1 



Proof Compute 



and hence 



Avi - vi, (4.8) 



< 0." < C'u;^ (4.7) 

dip 

|(eV) = A(eV). (4.9) 

Then (i) follows from the maximum principle (Proposition 1 1 . 7p . For (ii), let s,t> and x 
be in M. Then 

\ip{x,s)-ip{x,t)\ = / ip{x,u)du < / \ip{x,u)\du< / Ce'^'du = C{e-^ -e-"), (4.10) 
Jt Jt Jt 

which shows that ip{t) converges uniformly to some continuous function ipoo on M. Taking 
the limit in (j4.10p as s — t- oo gives (ii). (iii) follows immediately from (ii). (iv) follows from 
(jUlD together with (i) and (iii). □ 

We use the bound on ip to obtain an upper bound on the evolving metric. 

Lemma 4.3 There exists a uniform constant C such that on Mx [0, oo), uj = oj[t) satisfies 

^ojQ <u < CujQ. (4.11) 



39 



Proof By part (iv) of Lemma 14.21 and the argument of Corollary 1 3. 5 ^ it suffices to obtain 
a uniform upper bound for tr^^^ uj. 
Applying Proposition 12.51 



d_ 

dt 



A ] log tr^o ^ < C^otr^ - 1 , (4.12) 



for Cq depending only on g^. We apply the maximum principle to the quantity Q = 
logtr^jQ oj — Aip as in the proof of Lemma 13.41 where A is to be chosen later. We have 

d \ 

— - A j Q < Cotr^ ojo-l- AiP + An- Aii^ ujq. (4.13) 

Assume that Q achieves a maximum at a point (xq, to) with tg > 0. Choosing A = Cq-\-\ 
and using the fact that (p is uniformly bounded, we see that iii^ujQ is uniformly bounded 
at (xo,to)- Arguing as in (I3.30p . we have, 

1 

(tr^u w)(xo,to) < 7 TTT (tr^^ ^^o)"~ {xo,to) — {xQ,tQ) < C, (4.14) 

(n — Ij! lOq 

using part (iv) of Lemma [4. 2 [ Since is uniformly bounded, this shows that Q is bounded 
from above at (xo,to)- Hence tr^^ oj is uniformly bounded from above. □ 

We can now complete the proof of Theorem l4.1[ By Corollary 12 . 1 61 we have uniform C°° 
estimates on uj{t). Since ip(t) is bounded in it follows that we have uniform C°° estimates 
on ip{t). Recall that ip{t) converges uniformly to a continuous function 9900 on M as t — ?• 00. 
By the Arzela-Ascoli Theorem and the uniqueness of limits, it follows immediately that 
there exist times tk ^ 00 such that the sequence of functions (p{tk) converges in to 
ipoo, which is smooth. In fact we have this convergence without passing to a subsequence. 
Indeed, suppose not. Then there exists an integer A:, an e > and a sequence of times 
— >• 00 such that 

\\^{ti) - V^oo|lc"=(Af) > foi' all i- (4.15) 

But since (p{ti) is a sequence of functions with uniform C^~^^ bounds we apply the Arzela- 
Ascoli Theorem to obtain a subsequence p{ti-) which converges in to ip'^, say, with 

llv'oo - V^oollcfeCAf) > e> (4-16) 

so that ip'^ 7^ ipoo- But p>{ti-) converges uniformly to (^00 a contradiction. Hence p{t) 
converges to ip^o in as t — )• 00. 

It remains to show that the limit metric uj^o = ^o + ^^^dd'Poo is Kahler-Einstein. Since 
from Lemma 14.21 ^{i) — ?• as t — )■ 00, we can take a limit as t — )• 00 of (14. 4p to obtain 

log ^-^00 = 0, (4.17) 

and applying ^^^dd to both sides of this equation gives that Ric(a;oo) = — ^^oo as required. 
This completes the proof of Theorem 14. 1[ 
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4.2 The case of ci(M) = 0: Yau's zeroth order estimate 

In this section we discuss the case of the Kahler-Ricci flow on a Kahler manifold (M, qq) 
with vanishing first Chern class. Unlike the case of ci(M) < dealt with above, there will 
be no restriction on the Kahler class [ujq]. 

By Theorem 13. H there is a solution oj{t) of the Kahler-Ricci flow (13. ip for t G [0, oo) 
and we have [uj{t)] = [ojq]. The following result is due to Cao [I5] and makes use of Yau's 
celebrated zeroth order estimate, which we will describe in this subsection. 

Theorem 4.4 The solution uj{t) to i3. 1]) converges in C°° to the unique Kahler- Einstein 
metric ojke G [wq] • 

Since ci(M) = 0, the Kahler-Einstein metric wke must be Kahler-Ricci flat (if Ric(cL'KE) = 
/icjke then ci(M) = [/UWke] = implies /x = 0). Note that, as Theorem 14.41 implies, there 
is a unique Kahler-Einstein metric in every Kahler class on M. 

The uniqueness part of the argument is due to Calabi [12]. Suppose cj^p, = wke + 
^^^^ddip is another Kahler-Einstein metric in the same cohomology class. Then the equa- 
tion Ric(ci;^g) = Ric(ti;KE) gives 



log^ = C, (4.18) 

'^KE 

for some constant C. Exponentiating and then integrating gives C = 1 and hence = 
■^KE- Then compute, using integration by parts, 



= / ^^5'/'A9v9A(Vtj|^E A 

JM ^TT ^ 



j=0 

^KE ) 

i=0 



1 



>-/ (4-19) 

which implies that ip is constant and hence wke = "^ke- 

As usual, we reduce (j3.ip to a parabolic complex Monge-Ampere equation. Since 
ci(M) = there exists a unique volume form satisfying 

^^9aiogJl = 0, ( n = [ coj^. (4.20) 

Then solving (j3.ip is equivalent to solving the parabolic complex Monge-Ampere equation 

|^log '"° + f .„ + igl8a^>0. ^M = 0^ (4.21) 

We first observe: 
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Lemma 4.5 We have 

(i) There exists a uniform constant C such that for t G [0,oo) 

\\m\\coiM)<C. (4.22) 

(a) There exists a uniform constant C such that on M x [0, oo) the volume form of 
uj = uj{t) satisfies 

<uj-< C'iv^. (4.23) 
Proof Differentiating ()4.2ip with respect to t we obtain 

f^A,. (4.4) 

and (i) follows immediately from the maximum principle. Part (ii) follows from (i). □ 

We will obtain a bound on the oscillation of ip{t) using Yau's zeroth order estimate 
for the elliptic complex Monge-Ampere equation. Note that Yau's estimate holds for any 
Kahler manifold (not just those with ci(M) = 0): 

Theorem 4.6 Let {M,ujq) be a compact Kdhler manifold and let ip be a smooth function 
on M satisfying 



(wo + ^hr^ddipT = e^uj^, ujq + ^^ddip > (4.25) 
zvr zvr 

for some smooth function F. Then there exists a uniform C depending only on sup^/ F 
and (jjQ such that 

oscm^ '■= sup(/9 — inf < C. (4.26) 

M A/ 

Proof We will follow quite closely the exposition of Siu [98]. We assume without loss of 
generality that J^j ipujQ = 0. We also assume n > 1 (the case n = 1 is easier, and we leave 
it as an exercise for the reader). 
Write oj = ujQ + ^^^dd(p. Then 

C [ |(^K"> / vicO^-LO^) 

Jm jm 



r ^/— 1 — 

Jm 27r ^ 

/ dip A^^p A'y' ujqAu''"'^' 

Jm 2vr 



> - / l^^l^o^o- (4.27) 
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By the Poincare (Theorem II. 8p and Cauchy-Schwarz inequahties we have 

/ \ip\'co^<c[ \d^\lu^<C' f W\u^<C"(f W\''u:i]'\ (4.28) 

JM J M JM \J M J 

and hence ||'/5||L2((^g) < C. We now repeat this argument with 99 replaced by ip\ip\'^ for 
a > 0. Observe that the map of real numbers x 1— t- x\x\'^ is differentiable with derivative 
{a + l)\xf. Then 

C j Wr^^u:^> [ ^l^riu^-co^) 

JM JM 



r. 71—1 

(a + 1) / A^v? A V4 Aw^-i-* 



/ ^/^a(^|^r/2) A9(^|^r/2) Ag^^Ao.'^-i- (4.29) 
f + 1) ^ ^ V / ^ 



1=0 

n-1 



It then follows that for some uniform C > 

2 



M 



dU^^^I-") u^<C{a + l) l^r'oj^. (4.30) 

^ ^ ^0 JM 

Now apply the Sobolev inequality (Theorem II. 9 p to / = ip\ip\°'^'^ . Then for /3 = n/(n — 1) 
we have 

(/ \^\(-+'^^u;A'^\c({a + l) [ Wr^'u^+f Wr^'u^i). (4.31) 

\JM J \ JM JM J 

By Holder's inequality we have for a uniform constant C, 

I |^r+^a;S'<l + C / Iv^r+^o;?- (4-32) 

JM JM 

Now substituting p = a + 2 we have from ()4.3ip , 

ll<^llip^(a;o) ^ ^PmaX (1, . (4.33) 

Raising to the power \/p we have for all p > 2, 

max(l, M\l,p^^^)) < C^/Pp^/P max{l, M\lp(u.o))- (4-34) 
Fix an integer k > 0. Replace p in (j4.34p by p/3^ and then pP^"^ and so on, to obtain 

max(l, ||¥'|lip,.+i(,^)) < C^{pP^)^ max(l, ||¥^||^,,. (,^)) < • • • 



Cfcmax(l, ||(^||iP(^Q)) (4.35) 
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for 

Cfc = Cp(ife+^*^+'""^OpKi*+^^"^'""^^) ^ (4.36) 

Since the infinite sums ^ ^ and ^ ^ converge for /3 = ?i/(n— 1) > Iwe see that for any 
fixed p, the constants Ck are uniformly bounded from above, independent of k. 
Setting p = 2 and letting — )■ oo in (|4.35p we finally obtain 

max(l, \\ip\\co) < Cmax(l, ||y?||L2(^Q)) < C, (4.37) 

and hence (f06]) . □ 

Now the oscillation bound for = ip{t) along the Kahler-Ricci flow (j4.2ip follows 
immediately: 

Lemma 4.7 There exists a uniform constant C such that for t € [0, oo), 

oscM¥' < C- (4.38) 

Proof From Lemma 14.51 we have uniform bounds for (p. Rewrite the parabolic complex 
Monge- Ampere equation ()4.2ip as 

[ujo + ^ddip{t)r = 6'''^'^ with F{t) = log ■^ + ip{t) (4.39) 
and apply Theorem 14.61 □ 



4.3 The case of ci(M) = 0: higher order estimates and convergence 

In this subsection we complete the proof of Theorem 14. 4[ The proof for the higher order 
estimates follows along similar lines as in the case for ci(M) < 0. As above, let ip{t) solve 
the parabolic complex Monge- Ampere equation (|4.2ip on M with ci(M) = and write 

Lemma 4.8 There exists a uniform constant C such that on Mx [0, oo), u = uj{t) satisfies 

^ujQ < w < Cujo- (4.40) 

Proof By Lemma 14.51 and the argument of Corollary 13. 5( it suffices to obtain a uniform 
upper bound for tr^^ uj. As in the case of Lemma define Q = logtr^^ uj — Atp for A a 
constant to be determined later. Compute using Proposition 12.51 

d \ 

— - AjQ< Cotr^ ujo-Aip + An - Atr^ uq, (4.41) 
for Co depending only on qq. Choosing A = Co + 1 we have, since if is uniformly bounded, 

^^-A\Q<-tv^ujo + C. (4.42) 
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We claim that for any {x,t) € M x [0, oo), 

(tr,^^^^) {x,t) < Ce^(v(^'*)-'>^f^^x[o.*l^). (4.43) 

To see this, suppose that Q achieves a maximum on M x [0,t] at the point (rEo,to)- We 

assume without loss of generality that Iq > 0. Applying the maximum principle to (j4.42p 

we see that (tr^^ u)o){xo,to) < C and, by the argument of Lemma 1^31 (tr^^^ u;)(xo, to) < C . 
Then for any x £ M, 

(logtiujoi^) {x,t) - A^{x,t) =Q{x,t) <Q{xo,to) <logC' - A^{xo,to). (4.44) 

Exponentiating gives (|4.43l) . 
Define 

^■=ip- — [ (pn, where V := [ 9. = f uj"" . (4.45) 
^ Jm Jm Jm 

From Lemma 14.71 ||'^||co(A/) — C. The estimate (|4.43p can be rewritten as: 
(tr^ow) {x,t) < Ce^^'^^'''''^''~^y v>^*)^~^'^^Mxio,t]'P-inf[o,t] vImV>^) 

Using Jensen's inequality, 

iihl ^^)=U ^^ = U log 1 ^ < log / -"1=0> (4.47) 



dt\VjM J VJm^ VJm - \V JM , 

and hence inf [g^t] /j^,^ = Jj^jip{t)Q. The required upper bound of tr^^^ a; follows then 
from (I136D. ' □ 

It follows from Corollary 12.161 that we have uniform estimates on g{t) and (p{t). 
It remains to prove the C°° convergence part of Theorem 14.41 We follow the method of 
Phong-Sturm [90] (see also [78^ [86] ) and use a functional known as the Mabuchi energy [74] . 
It is noted in [181 139] that the monotonicity of the Mabuchi energy along the Kahler-Ricci 
flow was established in unpublished work of H.-D. Cao in 1991. 

We fix a metric wq as above. The Mabuchi energy is a functional Mabi^Q on the space 

PSH(M,wo) = W& C°°{M) I Wo + ^^ddip > 0} (4.48) 
with the property that if (ft is any smooth path in PSH(M, cjq) then 

^MaK^iipt) = - [ ^tR^^ , (4.49) 



where oj^p^ = ojq + ^^^dd(pt, and is the scalar curvature of ujip^. Observe that if ipoo is 
a critical point of Mab^,j then = f^o + ^^^ddifoo has zero scalar curvature and hence is 
Ricci flat (for that last statement: since ci(M) = 0, then Ric(u;oo) = ^^^ddhoo for some 
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function and taking the trace gives A^^/iqo = which imphes h^o is constant and 
Ric((Uoo) = 0). 

Typicahy, the Mabuchi energy is defined in terms of its derivative using the formula 
()4.49p but instead we will use the explicit formula as derived in [113j . Define 



Mab^oM=/ log^a;^-/ /iqK-u;?), (4.50) 
Jm ^0 Jm 

where = + "^^^59</? and /iq is the Ricci potential for given by 

Ric(u;o) = ^ddho, [ e^^u^ = [ u^. (4.51) 

Jm jm 

Observe that Mab(jo depends only on the metric oj^p and so can be regarded as a functional 
on the space of Kahler metrics cohomologous to wq. We now need to check that Mab^^g 
defined by (j4.50p satisfies (|4.49p . Let (pt be any smooth path in PSH(M, wq)- Using 
integration by parts, we compute 

It Jm Jm jm 

= / ipt{-Rpt+tTcuRic{ujo))uj'^^- / (^t A/low" 
Jm Jm 



-M3b^,{ip) = - jjd^tu^. (4.53) 



IM 

The key fact we need is as follows: 
Lemma 4.9 Let ip = ip{t) solve the Kahler- Ricci flow ^^21). Then 

d. 
dt 

In particular, the Mabuchi energy is decreasing along the Kdhler-Ricci flow. Moreover, 
there exists a uniform constant C such that 

d 



dt 



\d^\lu-<C \d^\lu;\ (4.54) 
M Jm 



Proof Observe that from the Kahler- Ricci flow equation we have 2n'^^'^ ~ "^1^(0;) and 
taking the trace of this gives A99 = —R. Then 

^MaK,{^) = -[ ^Ru:^=f (^A(^a;" = - / \d^\lu:^, (4.55) 
"f^ Jm Jm Jm 

giving (j4.53p . For (j4.54p . compute 

^ f \d^\lu^=f (|-/W^vicu" + 2Ref / g^^d,{A^)djipuA + [ \d^\^A^co^ 
Jm Jm Ot \Jm / Jm 

J M Jm Jm 

<C I mlu:-, (4.56) 
Jm 
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using ()4.24p . an integration by parts and the fact that, since we have estimates for u, 
we have uniform bounds of the Ricci and scalar curvatures of w. □ 



It is now straightforward to complete the proof of the convergence of the Kahler-Ricci 
flow. Since we have uniform estimates for uj{t) along the flow, we see from the formula 
(j4.50p that the Mabuchi energy is uniformly bounded. From (|4.53p there is a sequence of 
times ti G [z, i + 1] for which 



5 log 



j \dip\l w"^ {ti) ^0, as i ^ oo. (4.57) 



By the differential inequality ()4.54p . 



cj" it) 0, as t oo. 



(4.58) 



But since we have C°° estimates for ip{t) we can apply the Arzela-Ascoli Theorem to 
obtain a sequence of times tj such that <^(tj) converges in C°° to (poo^ say. Writing cJqo = 
ujQ + ^^^^dd(poo > 0, we have from (j4.58p . 



0, 



(4.59) 



and hence 



(4.60) 



for some constant C. Taking ^dd of (lOTjl gives Ric(a;oo) = 0. Hence for a sequence of 
times tj — )• oo the Kahler-Ricci flow converges to cJooj the unique Kahler-Einstein metric 
in the cohomology class [coq]. 

To see that the convergence of the metrics uj{t) is in C°° without passing to a subse- 
quence, we argue as follows. If not, then by the same argument as in the proof of Theorem 
14.11 we can find a sequence of times tfc — >• oo such that uj{tk) converges in to / Woo- 
But by (j4.58p . co'^ is Kahler-Einstein, contradicting the uniqueness of Kahler-Einstein 
metrics in [a;o]. This completes the proof of Theorem 14.41 

Remark 4.10 It was pointed out to the authors by Zhenlei Zhang that one can equiv- 
alently consider the functional J^j- h oj^ , where h is the Ricci potential of the evolving 
metric. 
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5 The case when Km is big and nef 



In the previous section we considered the Kahler-Ricci flow on manifolds with ci(M) < 0, 
which is equivalent to the condition that the canonical line bundle Km is ample. In this 
section we consider the case where the line bundle Km is not necessarily ample, but nef 
and big. Such a manifold is known as a smooth minimal model of general type. 

5.1 Smooth minimal models of general type 

As in the case of ci (A/) < we consider the normalized Kahler-Ricci flow 

d 

—u = -Ric{uj) - u, uj\t=o = ujo, (5.1) 
ot 

but we impose no restrictions on the Kahler class of cjq- We will prove: 

Theorem 5.1 Let M be a smooth minimal model of general type (that is, Km is nef and 
big). Then 

(i) The solution u = uj{t) of the normalized Kahler-Ricci flow Ii5.1\) starting at any 
Kahler metric ojq on M exists for all time. 

(a) There exists a codimension 1 analytic subvariety S of M such that uj{t) converges 
in C{^(Af \S) to a Kahler metric wke defined on M\S which satisfies the Kdhler- 
Einstein equation 

Ric(a;KE) = — '^ke, on M \ S. (5.2) 

We will see later in Section [531 that wke is unique under some suitable conditions. Note 
that if Km is not ample, then coke cannot extend to be a smooth Kahler metric on M, and 
we call wke a singular Kahler- Einstein metric. The first proof of Theorem 15.11 appeared 
in the work of Tsuji |121j . Later, Tian-Zhang |116j extended this result (see Section [5.41 
below) and clarified some parts of Tsuji's proof. Our exposition will for the most part 
follow [TT6] . 

From part (i) of Theorem 11.121 we see that under the assumptions of Theorem 15.11 the 
cohomology class [wq] — tci (M) is Kahler for all t > and hence by Theorem 13.11 the 
(unnormalized) Kahler-Ricci flow has a smooth solution uj{t) for all time t. Rescaling as 
in Section [4.11 we obtain a solution of the normalized Kahler-Ricci flow ()5.ip for all time. 
This establishes part (i) of Theorem 15.11 Observe that in fact we only need Km to be nef 
to obtain a solution to the Kahler-Ricci flow for all time. 

It is straightforward to calculate the Kahler class of the evolving metric along the flow. 
Indeed, [uj{t)] evolves according to the ordinary differential equation 

|[a;(t)] = -ci(M)-M, [um = [uo], (5.3) 

and this has a solution 

[io{t)] = -(1 - e-*)ci(M) + e-*[^o]. (5.4) 
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This shows that, in particular, [uj{t)] — > — ci(M) as t — oo. 

We now rewrite (jS.ip as a parabolic complex Monge- Ampere equation. First, from the 
Base Point Free Theorem (part (ii) of Theorem I1.12p . Km is semi-ample. Hence there 
exists a smooth closed nonnegative (1, l)-form cJqo on M with [Cooo] = — ci(M). Indeed, we 
may take cDoo = :^^*0Jfs where <I> : M — )■ ¥^ is a holomorphic map defined by holomorphic 
sections of for m large and cjps is the Fubini-Study metric (see Section ri.7|) . 

Define reference metrics in [uj{t)] by 

ujt = e~^uJo + (1 — e~*)cjooj for t G [0,oo). (5-5) 
Let be the smooth volume form on M satisfying 

-ddlogn = 6joo€-ci{M), I n= I w^. (5.6) 



2tt 

We then consider the parabolic complex Monge- Ampere equation 



which is equivalent to (15. ID . Hence a solution to ()5.7p exists for all time. 
5.2 Estimates 

In this section we prove the estimates needed for the second part of Theorem 15.11 Assume 
that if = ip{t) solves (j5.7p . We have: 

Lemma 5.2 There exists a uniform constants C and t' > such that on M , 
(i) ^{t) <C forty 0. 

(ii) (f{t) < Cte~^ for t > t' . In particular, (p{t) <C fort>0. 
(Hi) uj'^{t) < Cn fort> 0. 

Proof Part (i) follows immediately from the maximum principle. Indeed if ip achieves a 
maximum at a point (xo,to) with to > then, directly from (|5.7p . 

< ^ < log - ^ at (xo, to), (5.8) 

and hence ip < log(wf/r2) < C. 

Part (ii) is a result of |116j . Compute 

d \ 

— - A j if = if - n + tvu;(^t (5.9) 
d \ 

— - Aj if = -e hv^ {ujQ - LJoo) - ^, (5.10) 
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using the fact that = — e ^{ujo — Woo)- Hence 

- (eV) = -tr^ (^0 - Woo) (5.11) 

d \ 

— -Aj (vi + (^ + nt) = tr^Woo. (5.12) 

Subtracting (j5.12p from (j5.1ip gives 

- A^ ((e* -1)^-^- nt) = -tr^ uo < 0, (5.13) 

which implies that the maximum of (e* — l)ip — ip — nt is decreasing in time, giving 

(e* - 1)(^ - (/? - < 0. (5.14) 

This establishes (ii). Part (iii) follows from CoroUarv 12.31 (or using (i) and (ii) and the fact 
that uj^'/n = e^+^). □ 

We now prove lower bounds for and away from a subvariety. To do this we need 
to use Tsuji 's trick of applying Kodaira's Lemma (part (iii) of Theorem I1.12p . 

Since Km is big and nef, there exists an effective divisor £" on M with Km — ^[E] > 
for some sufficiently small 5 > 0. Since Woo lies in the cohomology class ci{Km) it follows 
that for any Hermitian metric h of [E] the cohomology class of a)oo — ^Rh is Kahler. Then 
by the dd-hemma we may pick a Hermitian metric h on [E] such that 

Woo - SRh > cioo, (5.15) 
for some constant c > 0. Moreover, if we pick any e G (0, 5] we have 

UJoo - £Rh > CeUJo, (5.16) 

for Cg = ce/6 > 0. Indeed, since Cjoo is semi-positive, 

£ / £ \ £ C£ 

£Rh = ^(woo - SRh) + [I - -^j u}oo > ^(woo - ^Rh) > yWQ. (5.17) 



Wo 



Now fix a holomorphic section a of [E] which vanishes to order 1 along the divisor E. 
It follows that 

cboo + £^^ddlog\a\l>CeUJo, on M\E, (5.18) 

ZTT 

since 95 log Ic]^ = ddlogh away from E. Note that here (and henceforth) we are writing 
E for the support of the divisor E. 
We can then prove: 

Lemma 5.3 With the notation above, for every £ G (0,5] there exists a constant > 
such that on (M \ E) x [0,oo), 

(i) ^p>£log\a\l-Ce. 
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(ii) ip>elog\a\l-Cs. 

Proof It suffices to prove the estimate 

ip + ip>elog\a\l-Ce, on M\E, (5.19) 

wliere we write for a constant tfiat depends only on e and the fixed data. Indeed this 
inequality immediately implies (iii). The estimates (i) and (ii) follow from (j5.19p together 
with the upper bounds of (p and 99 given by Lemma |5.2[ 

To establish (|5.19p . we will bound from below the quantity Q defined by 

Q = ip + ip-elog\a\l = log—^, on M\E. (5.20) 

Observe that for any fixed time t, Q{x,t) — )• 00 as x approaches E. Hence for each time t, 
Q attains a minimum (in space) in the interior of the set M\E. Now from ()5.12p we have 

d \ 

— - Aj {ip + ip) =tr^LJoo -n. (5.21) 

Using this we compute on M \E, 

^ - Q = tr^ cjoo - n + etr^ (^^^ddlog \a\l^ (5.22) 

= tr^ ^Woo + e^^^^ddlog \a\l^ - n (5.23) 
> Cgtr^j ujQ — n, (5.24) 

where for the last line we used (jS.lSp . 

Then if Q achieves a minimum at (xq, Iq) with xq in M \ E and to > then at {xq, to) 
we have 

tr^a;o<— . (5.25) 

Ce 

By the geometric- arithmetic means inequality, at {xo,tQ), 

n \ ^ /n -1 -| 

^ <-tr^u;o<-, (5.26) 
which gives a uniform lower bound for the volume form a;"'(xo,to)- Hence 

Q{xqM) = log -^-[277(^0, io) > -Ce, (5.27) 
and since Q is bounded below at time t = we obtain the desired lower bound for Q. □ 



51 



Next we prove estimates for g(t) away from a divisor. First, we from now on fix an e 
in {0,5] sufficiently small so that loq + e^^^^-dd\ogh is Kdhler. We will need the following 
lemma. 

Lemma 5.4 For the e > fixed as above, the metrics Cot^e defined by 

u}t,e ■= i^t + e^^^^^ddlogh = Woo + e^^^^^591og /i + e~*(wo -i^oo)- (5.28) 

ZTT ZTT 

give a smooth family of Kdhler metrics for t G [0,oo). Moreover there exists a constant 
C > such that for all t, 

^ujo < CJt,e < Cloq. (5.29) 

Proof From ()5.18p we see that ujoo+£^^^ddlog h is Kahler. Hence we may choose Tq > 
sufficiently large so that, for C > large enough, 

^ujQ < Woo +e^^^^-^591og/i + e~*(a;o - Uoo) < Cloq, (5.30) 

O ZTT 

for all t > Tq. It remains to check that ujt^e is Kahler for t £ [0,ro]. But for t € [0,To], 
ut,e = (1 - e~*) (^Uoo + + e^* {^Q + ^^^^^^9 log ^ 

> e"^" (^wo + e^^^ddloghj > 0, (5.31) 

by definition of e. □ 

We can now prove bounds for the evolving metric: 

Lemma 5.5 There exist uniform constants C and a such that on {M \ E) x [0, oo), 

C 

tra;o w < -r-fs^- (5.32) 
Hence there exist uniform constants C > and a' such that on (M \E) x [0, oo), 

kir' c 



c 



< u:{t) < --^ojQ. (5.33) 



Proof Define a quantity Q on M \ by 

Q = log tr^o u - A {ip - e log \a\l) , (5.34) 

for A a sufficiently large constant to be determined later. For any fixed time t, Q{x, t) — )• 
— oo as X approaches E. Then compute using Proposition 12.51 

(5.35) 



- Q < C7otr^ ojo-Aip + AA {if - elog \a\l) 
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Now at any point oi AI \E, 

A - elog |cr|^) =tr^ (^uj - ut - e^^^^^dd log \a\l^ =n-tr^Wf,£. (5.36) 

Applying Lemma [531 we may choose A sufficiently large so that Au)t,e ^ (Co + l)f^o and 
hence 

— -AjQ< -tr^wo-^flog— -^j +An 

<-tv^ujo-Alog — + C, (5.37) 

^0 



where we have used the upper bound on from Lemma 1 5. 2 [ 

Working in a compact time interval [0, t'] say, suppose that Q achieves a maximum at 
(xo,to) with xq in M and to > 0. Then at (xqj^o) we have 

tr^UQ + Alog — <C. (5.38) 

By the same argument as in the proof of Lemma [331 we see that (tr^p u;){xQ,to) < C. 
Then for any (x,t) £ {M\E) x [0,t'] we have 

Q{x,t) = (logtr^oa;)(x,t) - A {ip - e log \a\l) {x,t) 
< Q{xo,to) 

<logC-A{ip-elog\a\l){xo,to)<C', (5.39) 

where for the last line we used part (i) of Lemma 15.31 Since t' is arbitary, we have on 
{M\E)x [0,oo), 

logtr<^(,a; < C + A(93-elog|CT|^) . (5.40) 

Since is bounded from above we obtain (I5.32p after exponentiating. 

For (|5.33p , combine (j5.32p with part (iii) of Lemma 15. 3[ □ 

We now wish to obtain higher order estimates on compact subsets of M \E: 

Lemma 5.6 For m = 0, 1, 2, . . there exist uniform constants Cm and am such that on 
{M\E) X [0,oo), 

^<^' |VMRm(,)|<^, (5.41) 
where we are using the notation of Sections \2.5\ and \2.6l 

Proof We prove only the bound on S and leave the bounds on curvature and its derivatives 
as an exercise to the reader. We will follow quite closely an argument given in |107] . From 
Proposition [2SI and (lOHD . 



A^S = - \V^\^ + \^\^ - 2Re (^g^'g'^Pg^jV'R^-J'^'.^) (5.42) 



d_ 

dt 

< - |V^P + S + C|(t|^^^\/5, (5.43) 
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for a uniform constant K. We have 

\dS\ < + |V*|). (5.44) 

Moreover, 

\d\a\i^\<C\a\l^ and \A\a\t^\ < C\a\l^ , (5.45) 
where we are increasing K if necessary. Then 

< -klfc^dV^P + |V^P) + C\a\l^VS{\V'^\ + |V^|) 

< C{1 + \a\l^S). (5.46) 
But from Proposition 12.41 and (j5.33p 



) tr.„ ^ = -tr.„ ^ - g''R{go)/g,j - i g'" g''v1gfy^9m 

< C\a\-,'' - ha\^S - ^<7?/V'V,%jVf5fc„ (5.47) 



^ - A I tr,,,,, 



where denotes the covariant derivative with respect to g^. We may assume that K is 



large enough so that | (A|cj|f')tr^Q u}\ < C. Then 



^ - a) (|a|f tr^„ a;) < -^\a\f^ S + C- 2Re(/^9,|a|f c^tr^„ a;) 

<-^kll''5 + C, (5.48) 

where for the last line we have used: 

|2Re(5^^a,|a|f ^tr^o < C + ^\d\a\^,\^\div^, (5.49) 

< + ^klf^f /^/'vO<7,|V2g,„ (5.50) 

which follows from (j2.19p . increasing K if necessary. 

Now define Q = \a\^ S + A|(7|^tr(^y u for a constant A. Combining ()5.46p and (I5.48P 
we see that for A sufficiently large, 

^-A)Q<-k|2^5 + C, (5.51) 

and then Q is bounded from above by the maximum principle. The bound on S then 
follows. □ 
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As a consequence: 



Lemma 5.7 93 = ip{t) and co = u{t) are uniformly bounded in C{^(M \ E). 

Proof Applying Theorem 12.151 gives the C^^{M \ E) bounds for oj. Since by Lemmas 15.21 
and 15. 3| (p is uniformly bounded (in C^) on compact subsets of M \ E, the C{^(Af \ E) 
bounds on if follow from those on cj. □ 

5.3 Convergence of the flow and uniqueness of the limit 

We now complete the proof of Theorem 1 5. 11 From part (ii) of Lemma [5.2l we have < Cte~^ 
for t>t'. Hence for t > t' , 

^(^ + Ce-*(t + l)) <0. (5.52) 

On the other hand, from Lemma |5. 31 the quantity ip + Ce~^[t + 1) is uniformly bounded 
from below on compact subsets of M \ E. Hence ^{t) converges pointwise on M \ to 
a function p^. Since we have C^^{M \ E) estimates for p{t) this implies, by a similar 
argument to that given in the proof of Theorem l4.H that ip converges to poo in C'j^(-^\-^)- 

In particular 9900 is smooth on M\£^. Define Wqo = '^00 + ■^^^^ddpoo- Then c^Jqc is a smooth 
Kahler metric on M\E. 

Moreover, since p>{t) converges to (/?oo we must have, for each x & M \ E, ip{x,ti) — )• 
for a sequence of times ti — )■ 00. But since ip{t) converges in C^^{M \ £") as t — )■ 00 we 
have by uniqueness of limits that ip{t) converges to zero in C{^(M \ E) as t ^ 00. Taking 
the limit of (j5.7p as t —t- 00 we obtain 

log - (/Poo = (5.53) 

on M\E and applying dd to this equation gives Ric(tJoo) = — i^oo on M\E. This completes 
the proof of Theorem 15.11 

We have now proved the existence of a singular Kahler-Einstein metric on M. We now 
prove a uniqueness result. Let 0, uJoo^ f and h be as above. 

Theorem 5.8 There exists a unique smooth Kahler metric wke on M\E satisfying 

(i) Ric(a;KE) = — wke on M\E. 

(ii) There exists a constant C and for every e > a constant > with 

-^|(t||^17 < wJ^E < Cf], onM\E. (5.54) 

Note that although it may appear that condition (ii) depends on the choices of 0, cr 
and h, in fact it is easy to see it does not. 
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Proof of Theorem 15.81 The existence part fohows immediately from Theorem lS-H Lemma 
5.21 and Lemma [5T3l so it remains to prove uniqueness. Suppose cjke and wke are two so- 
lutions and define functions ip and -0 on M \ by 

^ = log-^ and V' = log-^, (5.55) 
with as in (15.61). Then we have 



WKE = -Ric(a;KE) =1^00 + -^^-^ddip, wke = -Ric(a;KE) = Woo + ^^^^^^ddtp. (5.56) 

ZTT ZTT 

Hence it suffices to show that tp = tp. By symmetry it is enough to show ip > ip. 
For any e > and 6 > sufficiently small, define 

H = tp - {1 - 5)ip - 6e log \a\l. (5.57) 

From the condition ()5.54p . Tp is bounded from above and ip > e' log |cj|^ — Cg' for any e' > 0. 
Taking e' = e6/2 we see that 

H>-'-^\og\a\l-Ce'-C, (5.58) 

and hence H is bounded from below by a constant depending on e and 5 and tends to 
infinity on E. Hence H achieves a minimum at a point xq £ M \ E. 
On the other hand, we have 

log = V - ^, (5.59) 
which using (j5.56p we can rewrite as 

(woo + (1 - S)^ddiP - 5eRh + "^ddH) " 

log ^ ^ = V - V'- (5.60) 

'^KE 

Since dujoa — 5eRh is Kahler for e sufficiently small, we obtain 



V'-V'>log ^ ^ (5.61) 

'^KE 

Hence at the point xq at which H achieves a minimum we have 

ip-i)>n\og{l-5), (5.62) 

and so, using the inequality ip > elog |cj|| — C^, 

H{xo) > 6tp{xo) + n\og{l - 6) - 5£log\a\l{xo) > -5Ce + nlog{l - 5). (5.63) 

For any e > we may choose 5 = 6(e) sufficiently small so that 6Cs < e/2 and n log(l — 5) > 
—s/2, giving H{xq) > —e and hence H > —e on M \ E. It follows that on M \ £', 

'ip>{l-6)i! + 5e log \a\l - e. (5.64) 

Letting e — )• (so that 5 — )• too) gives ^ > ^ as required. □ 
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5.4 Further estimates using pluripotential theory 

In this section we will show how results from pluripotential theory can be used to improve 
on the estimates given in the proof of Theorem 15.11 

The following a priori estimate, extending Yau's zeroth order estimate, was proved by 
Eyssidieux-Guedj-Zeriahi [53]. A slightly weaker version of this result, which would also 
suffice for our purposes, was proved independently by Zhang |127| . 

Theorem 5.9 Let M be a compact Kdhler manifold and oj a closed smooth semi-positive 
(1, l)-form with Jj^j^^" > 0. Let f be a smooth nonnegative function. Fix p > 1. Then if 
If is a smooth function with uj+ ^^^ddip > solving the complex Monge- Ampere equation 

{u + ^dd^r = /^", (5.65) 
then there exists a constant C depending only on M,uj and \\f\\LP{M,u) such that 

oscm^ < C. (5.66) 

The differences between this result and Theorem 14.61 are that here cj is only required 
to be semi-positive and the estimate on (p depends only on the L^ bound of the right hand 
side of the equation. We remark that we have not stated the result in the sharpest possible 
way. The conditions that ip and / are smooth can be relaxed to ip being bounded with 
uj + ^^^dd(p > and / being in L/. We have ignored this to avoid technicalities such as 
defining the Monge- Ampere operator in this more general setting. We omit the proof of 
this theorem since it goes beyond the scope of these notes. The theorem is a generalization 
of a seminal work of Kolodziej |64j . For a further generalization, see [H]. 

We will apply Theorem 15. 91 to show that the solution ip = p[t) of the parabolic complex 
Monge- Ampere equation (15. 7p is uniformly bounded, a result first established by Tian- 
Zhang |116| . Moreover, we can in addition obtain a bound on ip |128j . 

Proposition 5.10 There exists a uniform C such that under the assumptions of Theorem 
\5.1\ ip solving |5. ?| ) satisfies for t G [0,oo), 

llvllco ^ C and W^Wco < C. (5.67) 
Hence there exists a uniform constant C" > such that for t G [0, oo), 

^VL < L^" < CO. (5.68) 

Proof First observe that 

{u:t + ^ddipT = fC:^, for f = e'^+^%>^. (5.69) 

From the definition of ujt and Lemma 15.21 we see that / is uniformly bounded from above, 
and hence bounded in L^ for any p. Applying Theorem 15.91 we see that oscm'P < C for 
some uniform constant. 
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For the bound on it only remains to check that there exists a constant C such that 
for each time t there exists x G M with < C . From Lemma 15.21 we have an upper 

bound for (p{x) for all x G M. For the lower bound, observe that 

/ e^+^n = [ {cot + ^dd^r = f ^t> c, (5.70) 

for some uniform constant c > 0. It follows that at each time t there exists x £ M with 
y J^^Q, Since is uniformly bounded from above by Lemma 15.21 this gives 
ip{x) > -C for that required. 

For the bound on (p we use an argument due to Zhang |128] . From (j5.7p and Theorem 

^(v3 + ^) = ^(log^j=-i?-n<Coe- (5.71) 

for a uniform constant Cq. We may suppose that Hv^Hco < Cq for the same constant 
Co > 0. We claim that > — 4Co. Suppose not. Then there exists a point (xo,to) with 
ip{xQ,to) < — 4Co. Using (I5.71j) we have for any t > to, 

{ip + ip){xo,t)-{^ + ip){xo,to)<Co [ e-^ds = Co(e-*o - e-*). (5.72) 
Hence for t > to, 



to 



ip{xo,t) < {if + ip){xo,to) + Coe-^" - ip{xo,t) < -Co, (5.73) 

using the fact that (p{xQ,tQ) < — 4Co. This is a contradiction since (/?(xo,t) is uniformly 
bounded as t — )■ oo. □ 

An immediate consequence is: 

Corollary 5.11 The singular Kdhler- Einstein metric ojke constructed in Theorem I5.il 
satisfies 

< wJ^E < Cn on M \ E, (5.74) 

for some C > 0. 

As another application of Proposition 15.101 we use the estimate on ip together with the 
parabolic Schwarz lemma to obtain a lower bound on the metric uj. 

Lemma 5.12 Under the assumptions of Theorem \5.1\ there exists a uniform constant C 
such that ^ 

^ > 771^00, on M X [0,00). (5.75) 

Proof Recall that (ioo = -^>*WFS where ^> : M is a holomorphic map and ojps is 

the Fubini-Study metric on P^. We can then directly apply Theorem 12.61 to obtain 

d \ 

— - A j log tr^ Woo < C'tr^^ t^^oo + 1, (5.76) 
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for C an upper bound for the bisectional curvature of wps- Define Q = logtr^cDo^ ~ 
for A to be determined later. Compute, using Proposition 15.101 

- Q < C'tr^ LUoo- Aip + An- Aii^ (ot + l 

<-tr^Woo + C, (5.77) 

where we have chosen A to be sufficiently large so that ACot > (C + l)woo- It follows from 
the maximum principle tliat Q and. hence tr^^ 

cDoo is uniformly bounded from above and 
this completes the proof of the lemma. □ 

Observe that Lemma 15.121 together with the volume upper bound from Lemma 15.21 
show that the metric u}{t) is uniformly bounded above and below on compact subsets of 
M \S, for S the set of points where Woo is degenerate. Thus we can obtain an alternative 
proof of Theorem 15.11 which avoids the use of Lemma 15.31 and Lemma 15.51 

Finally we mention that Zhang |128| also proved a uniform bound for the scalar cur- 
vature of the evolving metric in this setting. 
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6 The Kahler-Ricci flow on a product elliptic surface 



In this section we investigate collapsing along the Kahler-Ricci flow. We study this behavior 
in the simple case of a product of two Riemann surfaces. 

6.1 Elliptic surfaces and the Kahler-Ricci flow 

Let M now have complex dimension two. An elliptic curve E is a compact Riemann 
surface with ci{E) = (by the Gauss-Bonnet formula this is equivalent to having genus 
equal to 1). We say that M is an elliptic surface if there exists a surjective holomorphic 
map vr : M — )■ S" onto a Riemann surface S such that the fiber 7r~^(s) is an elliptic curve 
for all but finitely many s £ S. In particular, the product of an elliptic curve and any 
Riemann surface is an elliptic surface, which we will call a product elliptic surface. 

In jl02j . the Kahler-Ricci flow was studied on a general minimal elliptic surface (see 
Section E] for a definition of minimal). In this case there are finitely many singular fibers of 
the map vr. It was shown that the Kahler-Ricci flow converges in C^^^ for any /3 E (0, 1) at 
the level of potentials away from the singular fibers, and also converges on M in the sense 
of currents, to a generalized Kdhler- Einstein metric on the base S. A higher dimensional 
analogue was given in |103j . 

Here we study the behavior of the Kahler-Ricci flow in the more elementary case of 
a product elliptic surface M = E x S, where E is an elliptic curve and 5 is a Riemann 
surface with ci(S') < (genus greater than 1). Because of the simpler structure of the 
manifold, we can obtain stronger estimates than in |102] . 

By the uniformization theorem for Riemann surfaces (or the results of Section H]) , S 
and E admit Kahler metrics of constant curvature which are unique up to scaling. Hence 
we can define Kahler metrics us on S and oje on E hy 

Ric(a;s) = -us, Ric(w£;) =0, / = 1. (6.1) 

Je 

Denote by vr^ and tte the projection maps tts ■ M ^ S and tte : M ^ E. 

As in the case of the previous section we consider the normalized Kahler-Ricci flow 

—uj = -Ric(tj) - w, a;|t=o = wq, (6.2) 

The first Chern class of M is given by ci(M) = — [vr*^^], which can be seen from the 
equation 

Ric(7rsa;s + t^e^e) = -t^^^s- (6.3) 

Since 11*^3 is a nonnegative (1,1) form on M, it follows from Theorem 13. II that a solution 
to ()6.2p exists for all time for any initial Kahler metric ojq. 

As a simple example, first consider the case when the initial metric loq splits as a 
product. Suppose ujq = + t^s^s^ where and cog are smooth metrics on E and 

S respectively. Then the Kahler-Ricci flow splits into the Kahler-Ricci flows on E and S, 
with uj{t) = 'K'^LOE,t + '^s^s,t where ujE,t and ujs,t solve the Kahler-Ricci flow on E and 5" 
respectively. Since ci{E) = and ci{S) < we can apply the results of Section |4] to see 
that uJE,t converges in C°° to (because of the normalization) as t — )■ 00 and cos^t converges 
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in to ojs- Hence the solution to the original normalized Kahler-Ricci flow converges in 
to Tr*gUJs. 

We now turn back to the general case of a non-product metric. For convenience, here 
and henceforth we will drop the ttJ and tt^ and write us and coe for the (1, l)-forms pulled 
back to M. We prove: 

Theorem 6.1 Let uj{t) be the solution of the normalized Kahler-Ricci flow ^6. S\) on M = 
E X S with initial Kahler metric loq. Then 

(i) For any (3 G (0,1), uj{t) converges to us in C^{M,g()). 

(a) The curvature tensors of uj{t) and their derivatives are uniformly bounded along the 
flow. 

(Hi) For any fixed fiber E = ■k~^^{s), we have 

||e*w(t)|£; - a;flat|bo(S) * oo, (6.4) 

where Wfjat is the Kahler Ricci-flat metric on E with /^Wfiat = Je^o- 

Remark 6.2 We conjecture that in (i), the convergence in C^{M) can be replaced by 
C°°(M) convergence. Such a result is contained in the work of Gross- Tosatti-Zhang [l9] 
for the case of a family of Ricci-flat metrics. It seems likely that their methods could 
be extended to cover this case too. It would also be interesting to find a proof of C°° 
convergence using only the maximum principle. 



Since the normalized Kahler-Ricci flow exists for all time we can compute, as in (|5.3p 
and ()5.4p . the evolution of the Kahler class to be 

[w(t)] = e-*[L^o] + (l-e'*)[^5]. (6.5) 

Before proving Theorem 16. II we will, as in the sections above, reduce (j6.2p to a parabolic 
complex Monge- Ampere equation. Deflne reference metrics Cot G [^{t)] by 

= e~^ujQ + (1 - e^^)ujs, for t E [0, oo). (6.6) 

Define a smooth volume form on M by 

^^^591ogO = a;s G -ci(M), / n = 2[ ujqAus- (6.7) 
2vr Jm Jm 



In fact, from (16. 3p one can see that is a constant multiple of ojs f\0JE- We consider the 
parabolic complex Monge- Ampere equation 

dip eHoJt + ^ddipf - , , ^ 

^=log^J ^ ^-ip, u:t + \^ddip>d, y.|t=o = 0. (6.8) 

As in earlier sections, a solution (p = spit) of (j6.8p exists for all time and oj = ujt + ^^^ddp 
solves the normalized Kahler-Ricci flow. Note that we insert the factor of e* in the equation 
to ensure that if is uniformly bounded (see Lemma 16.31 below) but of course it does not 
change the evolution of the metric along the flow. 
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6.2 Estimates 

In this section we establish uniform estimates for the solution (p = ip{t) of (j6.8p . which we 
know exists for all time. 

Lemma 6.3 There exists C > such that on M x [0, oo), 

(i) \v\<C. 

(ii) \ip\ < c. 

(in) < < Cujf. 

Proof For (i), first note that since e*cjj = e~*ujQ + 2(1 — e"*)a;o ^ we have 

< e^uj^ < Cn. (6.9) 
Hence if ip achieves a maximum at {xQ,tQ) with to > then at that point, 

0< ^¥^<log^-(^<logC-y., (6.10) 



giving p < log C. The lower bound of ip follows similarly. 

d_ 

dt 

d 



For (ii) observe that -Srcbt = ujs — ojt and hence 



Aj^ = tr^{ujs-u}t) + l-^. (6.11) 

By definition of ut there exists a uniform constant Cq > such that CoLOt > (^5. For the 
upper bound of ip, we apply the maximum principle to Qi = p — (Cq — 1)^3. Compute 

d \ 

— - A j Qi = tr^ {us -ujt) + 1- Co^p + (Co - l)tr^ (w - ut) 

<l-Cop + 2{Co-l), (6.12) 

and we see that (p is uniformly bounded from above at a point where Qi achieves a maxi- 
mum. Since p is bounded by (i) we obtain the required upper bound of (p. 
For the lower bound of p, let Q2 = p> + 2ip and compute 

^ - Q2 = trui (ws - tit) + 1 + 93 - 2truj (^^ - (^t) 

> tr^ LOt + p — 3. (6.13) 

Using (|6.8|) . (|6.9|) and the arithmetic- geometric means inequality, we have at a point {xq, to) 
where Q2 achieves a minimum, 



e 



Hence is uniformly bounded from below at {xo,to), giving (ii). Part (iii) follows from (i) 
and (ii). □ 
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Next we estimate oj in terms of ojf It is convenient to define another family of reference 
metrics ujt whose curvature we can control more precisely. Define uq = loe + ^^s and 

ut = e~^u)o + (1 - e"*)u;s = (^s + e'^ojE- (6.15) 

Observe that u^t and cjt are uniformly equivalent. 

Lemma 6.4 There exists C > such that on M x [0, oo), 

^oJt<oj< Cut (6.16) 

Proof From part (iii) of Lemma 16.31 it suffices to obtain an upper bound of the quantity 
trjjj OJ from above. Compute using the argument of Proposition 12.41 

I - a) tr^, u < -tr^, u - g^'RJ'ga - i'g^^g''V.g^-^.g,-, + (l^r) (6.17) 

where we are using R.-^^^ and V = Vs, to denote the curvature and covariant derivative 

«J yt 

with respect to gt- Since ^uit = —uJt + i^s ^ —^t, we have 

^5r)ff,j<tr^,t^. (6.18) 



Hence, from the argument of Proposition 12.5 



Next we claim that 



li ^ Ik /, \ 2 A UJ 



^5 



< (tr^^a;5')(tr^o w) < (tr^ a;s)(tr^j cj). (6.20) 

To see (j6.20p . compute in a local holomorphic product coordinate system (z^,z^) with 
a normal coordinate for 0Js\s in the base S direction and a normal coordinate for u}e\e 
in the fiber E direction. In these coordinates gt is diagonal and {gt)ii = {gs)ii- Since the 
curvature oi oje vanishes, we have from 



RmT = -i9s)u{gs)n, (6.21) 

and R{ji.j = if A: and (. are not all equal to 1. Hence the only non-zero component 

of the curvature of ojt appearing in (j6.20p is Ry^^ = —1- This gives the first equality of 
()6.20p . and the next two inequalities follow from the definition of ojq and uJt- 
Combining (|6.19p . (|6.20p we have 

^ - A j log tr,:^, u < tr^ cos- (6.22) 
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Now define 

Qs = log trcbt ^ - Aip, (6.23) 
for A = Cq + 1 where Cq is the positive constant with Cot^t > u;s compute 

d 



A J Qs < tr^ us - A(p + Ati^ {u} - ut) 
< C - tr^ djt 

<C- ^tr^, uj, (6.24) 

for some C > 0. For the last line we have used the estimate (iii) of Lemma 16.31 and the 
fact that u!t and Cot are uniformly equivalent. Since (p is uniformly bounded from part (i) of 
Lemma 16.31 we see that Qs is bounded from above by the maximum principle, completing 
the proof of the lemma. □ 

Next we prove an estimate on the derivative of uj using an argument similar to that of 
Theorem [ 



Lemma 6.5 There exists a uniform constant C such that on M x [0,oo), 

S := \Vg,g\^ < C and \Vg,g\l^ < C, (6.25) 

where \ ■ \ , \ ■ \go denote the norms with respect to the metrics g = g{t) and go respectively. 
Moreover, we have 

(|-A)5<-i|Rm(5)P + C' (6.26) 

for a uniform constant C . 
Proof First we show that 

^-A)tr^,a;<C-i^|V5o5l', (6.27) 
for uniform constants C,C'. From (j6.17p . (j6.18p . (|6.20p and part (iii) of Lemma 16.31 

^ - a) tr^, LO<C- 5r/^<7''V,5pzVj<7p5 ^ ^ ' (6-28) 

For the last inequality we are using the fact that V^^ = V^p which can be seen by choosing 
a coordinate system at a point in which digt = for all i and any t > 0. This establishes 
([6221). 

Using the notation of Proposition 12. 8^ write ^'^^ = T^j — r(^o)fj so that S = l^'p. Then 
f d 



a) S = -|V*|2 - |V*|2 + - 2Re [g^^g-^Pg,jV'R{9o)-,;^'^,] 
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We have 



V'i?(5o 



ibp 



mbp 



(6.29) 



Indeed, as in the proof of Lemma 16.41 this can be seen by choosing a local holomorphic 
product coordinate system {z'^^z^) centered at a point x with normal for us and z"^ 
normal for uje- Using the argument of ()6.20p and the result of Lemma 16.41 we have 



|Rm(5o)|^ := g''9''9''9,iR{m)a;R{~go. 



(tr^ 



320;^ A uj 



jkq 



< (tr^ ojtftvcjt uj<C. 



Combining (lOOD and (|630]) . 



2Re ( g^Y'g,jV'R{~go\,;^',, 



< cs. 



Since |V^p = |Rm(5o) — ^''^{g)]^, we compute 



d_ 

di 



A\S < -IV^'I 



<--\Rm{g)\^ + CS + C' 



(6.30) 



(6.31) 



(6.32) 



Then the upper bound on S follows from (|6.28p and (j6.32p by applying the maximum 
principle to 5 + Aticcot ^ foi" sufficiently large A. The inequality |V§(,(7|gjj < C follows from 
the fact that the metric g{t) is bounded from above by go (Lemma 16. 4p . The inequality 
(lOej) follows from (1632]) . □ 

We then easily obtain estimates for curvature and all covariant derivatives of curvature, 
establishing part (ii) of Theorem 16.11 

Lemma 6.6 There exist uniform constants Cm for m = 0, 1, 2, . . . such that on M x[0, 00), 

\V^Rm{g)\^ < C,n. (6.33) 
Proof This follows from Lemma 16.51 and the arguments of Theorem 12.131 and 12.141 □ 



6.3 Fiber collapsing and convergence 

In this subsection, we complete the proof of Theorem 16.11 

First we define a closed (1, 1) form Wfjat on M with the properties that [ixifiat] = [^0] 
and for each s G 5, ojflat restricted to the fiber vr^ (s) is a Kahler-Ricci flat metric. To do 
this, fix s G 5 and define a function ps on TTg^{s) by 



-1 „^ 



ddps > 0, Ric ( t^oU-i(s) + 



2tt 



p,wo = 0. (6.34) 
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Since ps satisfies a partial differential equation with parameters depending smoothly on 
s S S", it follows that ps varies smoothly with s and hence defines a smooth function on 
M, which we will call p. Now set Wflat := + ^^^ddp. This is a closed (1,1) form with 
the desired properties. Note that for each s in S, WflatL-v«^ is a metric, but Wfiat may not 
be positive definite as a (1, 1) form on M. 

We make use of ojfiat to prove the following estimate on (p. 

Lemma 6.7 There exists C > such that on M x [0, oo), 

< C(l + t)e"*. (6.35) 

Proof Since wgat is a constant multiple of a;^; when restricted to each fiber, we see from 
the definition of i7 that 

= 2a;s A Wflaf (6.36) 

Let Q = ip — e^^p. Then 

e^(.-w. + (l-.->s + ^aaQ)^ 

For a positive constant A, consider the quantity Qi = e^Q — At. At a point {xQ^to) with 
io > where Qi achieves a maximum, we have 



< e* log(l + Ce"*) - A < C - ^, (6.38) 



for uniform constants C,C'. Choosing A > C' gives a contradiction. Hence Qi is bounded 
from above. It follows that f < C{1 + t)e~* for a uniform constant C. The lower bound 
for if is similar. □ 

Lemma 6.8 Fix /3 G (0, 1). VFe have 
(i) ip{t) ^0 in C^+(^{M) ast^oo. 
(a) uj{t) ujs in C^{M) as t oo. 

(Hi) ^ ^0 in C°(M) as t ^ oo. 

Proof From Lemma 16.51 the tensor 'Vg^g is bounded with respect to the fixed metric go. 
Moreover, g < Cgo for some uniform C. It follows that Ag^ip is bounded in C^(M, ^o)- 
Since ip is bounded in C^, we can apply the standard Schauder estimates for Poisson's 
equation (36], to see that ip is bounded in C^"*"" for any a € (0, 1). Choosing a > /3, part 
(i) follows from this together with Lemma 16.71 Part (ii) follows from part (i) and the fact 
that tDf converges in C°° to as t — )• oo. 

For part (iii), suppose for a contradiction that there exist e > and a sequence 
{{xi,ti)}i^^ C M X [0,oo) with tj — oo and 

\ip\ {xi.ti) > e. (6.39) 
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From Lemma 16.31 and Lemma 16.61 the quantity 

^^if = -R{u) -I- if (6.40) 

is uniformly bounded in C^{M x [0, oo)). Hence there exists a uniform constant 5 > such 
that for each i, 

\^\{xut)>^ for alHG + (6.41) 



Hence 



e5 



ti+5 



2 < / |(/9|(t,Xi)dt 



U+5 

ip{xi,t)dt 
= \ip{xi,ti + 6) - ip{xi,ti)\ 

< sup \ip{x,ti + 6) - <p{x,ti)\, (6.42) 

a contradiction since if{t) converges uniformly to in C^{M) as t — t- oo. □ 

Finally, we prove part (iii) of Theorem 16.11 

Lemma 6.9 Fix s S and write E = 7r_^^(s) for the fiber over s. Write Wfjat = "^flatls- 
Then on E, 

e*u;(t)|£; Wfiat as t oo, (6.43) 

where the convergence is uniform on C^{E). Moreover, the convergence is uniform in 
se S. 

Proof We use here an argument similar to one found in |119j . Applying Lemma 16.51 we 
have 

\Vg,{g\E)\l\^<\Vgo9\'<C. (6.44) 

From Lemma 16.41 we see that g\E is uniformly equivalent to e~^gE- It follows that 

|Vs.(e*5b)lL = e-'\Vg,{g\E)\l.g^ < Ce"*|V,,(gb)|2 ^ < C'e"*. (6.45) 

Since 5fflat is a constant multiple of gE we see that 

\Vg^{e'g\E - <7flat)lL < C'e-\ (6.46) 

Moreover, [e*w|s] = [wflat]- It is now straightforward to complete the proof of the lemma. 
Indeed, any two Kahler metrics on the Riemann surface E are conformally equivalent and 
hence we can write s^ujIe = e'^a;flat for a smooth function a = a{x,t) on E x [0,oo). We 
have 

\d{e'' - asi^oo, and I {e" - 1)uje = ^- (6.47) 

J e 

From the second condition, for each time t there exists y{t) E E with a{y{t),t) = and 
hence by the Mean Value Theorem for manifolds, 

|g<T(x,t)_;L| ^|(g<7(x,i)_^)_(g^(y(i),t)_-^)|^Q ast^oo, (6.48) 

uniformly in x & E. This says precisely that e*u;(t)|£; — t- cjfiat uniformly as t — t- oo. 
Moreover, none of our constants depend on the choice of s G 5". This completes the proof 
of the lemma. □ 
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Combining Lemma 16.61 with Lemmas 16.81 and 16.91 completes the proof of Theorem 16.11 
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7 Finite time singularities 



In this section, we describe some behaviors of the Kiihler-Ricci flow in the case of a flnite 
time singularity. The complete behavior of the flow is far from understood, and is the 
subject of current research. In Section 17.11 we prove some basic estimates, most of which 
hold under fairly weak hypotheses. Next, in Section 17.21 we describe a result of |129| on 
the behavior of the scalar curvature and discuss some speculations. In Sections 17.31 and 17.41 
we describe, without proof, some recent results [101^ I107j and illustrate with an example. 



7.1 Basic estimates 

We now consider the Kahler-Ricci flow 

d 

— w = -Ric(w), a;|t=o = wo, (7.1) 
ot 

in the case when T < oo. The cohomology class [loq] — Tci{M) is a limit of Kahler classes 
but is itself no longer Kahler. The behavior of the Kahler-Ricci flow as t tends towards 
the singular time T will depend crucially on properties of this cohomology class. 

We flrst observe that since T < oo we immediately have from Cor ollarv 1 2 . 3 1 the estimate 

< CVt, (7.2) 

for a uniform constant C. 

As in Section[3]we reduce (j3.ip to a parabolic complex Monge- Ampere equation. Choose 
a closed (1,1) form Cjt in the cohomology class [ujq] — Tci{M). Given this we can define a 
family of reference forms ujt by 

Cjt = ^{{T- t)ujo + tux) G N] - tei(M). (7.3) 



Observe that cD^ is not necessarily a metric, since cD^ may have negative eigenvalues. Write 

y{i^T - Wo) = 



X = i^{ujT — Wo) = ^u}t G — ci(M) and define O to be the volume form with 



xIlddlogn = x(^-ci{M), [ n= [ oj^ (7.4) 
We then consider the parabolic complex Monge- Ampere equation 

From ()7.2p we immediately have: 

Lemma 7.1 For a uniform constant C we have on M x [0,T), 

ip<C. (7.6) 

If we assume that ujt > then the next result shows that the potential (p is bounded 
|116j (see also |107j ). Note that since [ujq] — Tci(M) is on the boundary of the Kahler cone, 
one would expect in many cases that this class contains a nonnegative representative cot- 
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Proposition 7.2 Assume that lj^ is nonnegative. Then for a uniform constant C we have 
on M X [0,r), 

W\ < C. (7.7) 

Proof The upper bound of follows from Lemma 17.11 Alternatively, use the same argu- 
ment as in the upper bound of ip in Lemma |3.2[ For the lower bound, observe that 



1 „ ^ 1 



UJ- 



- ((T - t)a;o + tCoTT > 7f;;i{T - t)"^o" > co(T - (7.8) 



for some uniform constant cq > 0. Here we are using the fact that ujt is nonnegative. 
Define 

^ = ip + n{T-t) (log(r - t) - 1) - (log CO - l)t , (7.9) 



and compute 



^ _ (£^±ig£M: _ „,„g(r - - (log,, - 1). (7.10) 



At a point where achieves a minimum in space we have ^^^2^ddip = ^^:;^dd(f > and 
hence from (j7.8p . 

^ > log(co(r - tr) - n log(r -t)- (log CO - 1) = L (7.11) 

It follows from the minimum principle that tp cannot achieve a minimum after time t = 0, 
and so tp is uniformly bounded from below. Hence ip is bounded from below. □ 

If ujt is the pull-back of a Kahler metric from another manifold via a holomorphic map 
(so in particular Cjt > 0), we have by the parabolic Schwarz lemma (Theorem 12. 6p a lower 
bound for uj{t): 

Lemma 7.3 Suppose there exists a holomorphic map f : M ^ N to a compact Kdhler 
manifold N and let ujn he a Kdhler metric on N . We assume that 

[i^o]-Tci{M) = [f*ujN]. (7.12) 

Then on M x [0,r), 

w > ^r^Tv, (7.13) 



for a uniform constant C . 

Proof The method is similar to that of Lemma 15.121 We take ujt = f*'^N ^ 0. Define 
u = ii^j f*i^N- We apply the maximum principle to the quantity 

Q = \ogu- A^- An{T - t)(log(r - t) - 1), (7.14) 
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for A to be determined later, and where we assume without loss of generality that u > 0. 
Compute using (j2.24p 

d \ 

— - A\Q <Cou- Aip + An log(T - t) + Atr^j - cbt) 

Uj'"' 

= tr^ {Cof*uJN -{A- l)ut) - A log _ - tr^ ujt + An. (7.15) 

Now choose A sufficiently large so that {A — l)ujt — Cof*LON > f*^N for all t G [0, T]. By 
the geometric-arithmetic means inequality, there exists a constant c > such that 

(T-t) /(T-t)"0\^/" , , 

tr^ ut > ^^^tr^ iOo>cl ^ j . (7.16) 



Then, arguing as in the proof of Lemma [37 

d \ , (r-t)"0 /(r-t)"0\^/" 

g-^-A)Q<-n + Alog ^ J -c^ ^ J j +An<-n + C, 

for a uniform constant C, since the map fi A log /Lt — cfi^^"^ is uniformly bounded from 
above for > 0. Hence at a maximum point of Q we see that u is bounded from above by 
C. Since 93 and (T — t) log(T — t) are uniformly bounded this shows that Q is uniformly 
bounded from above. Hence u is uniformly bounded from above. □ 

A natural question is: when is the limiting class [loq] — Tci{M) represented by the 
pull-back of a Kahler metric from another manifold via a holomorphic map? It turns out 
that this always occurs if the initial data is appropriately 'algebraic'. 

Proposition 7.4 Assume there exists a line bundle L on M such that k[u}o] = ci(L) for 
some positive integer k. Then there exists a holomorphic map f : M ^ to some 
projective space and 

[oJo]-Tci{M) = [roj], (7.17) 

for some Kahler metric oj on . 

Proof We give a sketch of the proof. Note that by the assumption on L, the manifold M 
is a smooth projective variety. Prom the Rationality Theorem of Kawamata and Shokurov 
[591 I63j . T is rational. The class [ujq] — Tci{M) is nef since it is the limit of Kahler 
classes. From the Base Point Pree Theorem (part (ii) of Theorem II. 12p . [ujq] — Tci{M) is 
semi-ample, and the result follows. □ 

If we make a further assumption on the map / then we can obtain C°° estimates for 
the evolving metric away from a subvariety. 

Theorem 7.5 Suppose there exists a holomorphic map f : M ^ N to a compact Kahler 
manifold N which is a hiholomorphism outside a subvariety E C M . Let ujn be a Kahler 
metric on N . We assume that 

[iOo]-Tci{M) = [f*iON]. (7.18) 
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Then on any compact subset K of M\E there exists a constant ck > ^ such that 

uj>CKUJo, on Kx[0,T). (7.19) 
Moreover we have uniform estimates for uj{t) on M \ E. 

Proof The inequality (j7.19p is immediate from Lemma 17.31 and the fact that f*u}N is 
a Kahler metric on M \ E. From the volume form bound (17. 2p . we immediately obtain 
uniform upper and lower bounds for lo on compact subsets of M \ E. The higher order 
estimates follow from the same arguments as in Lemmas 15.61 and 15.71 □ 

We will see in Section [7]3] that the situation of Theorem 17. 51 arises in the case of blowing 
down an exceptional divisor. 



7.2 Behavior of the scalar curvature 

In this section we give prove the following result of Zhang |129] on the behavior of the 
scalar curvature. Given the estimates we have developed so far, we can give quite a short 
proof. Recall that we have a lower bound of the scalar curvature from Theorem [ 



Theorem 7.6 Let uj = u}{t) be a solution of the Kdhler-Ricci flow (7.1) on the maximal 
time interval [0,T). If T < oo then 



limsup sup R{g{t)) = oo. (7.20) 

t^T V M J 

In the case of the general Ricci flow with a singularity at time T < oo it is known that 
supj;,^ |Ric(g(t))| — > oo as i — )• T [93] . 

Proof of Theorem 17.61 We will assume that ()7.20p does not hold and obtain a contra- 
diction. Since we know from Theorem 12.21 that the scalar curvature has a uniform lower 
bound, we may assume that ||-R(t)||co(M) is uniformly bounded for t £ [0,T). Let solve 
the parabolic complex Monge- Ampere equation (17. 5p . First note that 

d , /w" 



\R\ < C. (7.21) 



Integrating in time we see that |(^| = | log ^| is uniformly bounded. Integrating in time 
again, we obtain a uniform bound for 99. Define H = tip — ip — nt, which is a bounded 
quantity. Then using (|3.16p we obtain (cf. (|5.13p ). 

d \ 

— - A j H = ttv^ X - n + tr^ {uj - LOt) = tiuj {tx - (^t) = -tr^ wo- (7.22) 

Apply Proposition 12.51 to see that 

d \ 

— - A 1 tr<^o Lo < Cotr^ ujq, (7.23) 
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for a uniform constant Cq depending only on ojq. Define Q = log tr^^g lo+AH for A = Cq+I. 
Combining ([7:22]) and ([723]), compute 

^-Ajg<-tr^a;o<0, (7.24) 

and hence by the maximum principle Q is bounded from above by its value at time t = 0. 
It follows that tii^g CO is uniformly bounded from above. Since we have a lower bound for 
(fi = log we see that for a uniform constant C, 

^ujo <^< CujQ, on M X [0,r). (7.25) 

Applying Corollarv 12.161 we obtain uniform estimates for uj{t) and all of its derivatives. 
Hence uj{t) converges to a smooth Kahler metric u}{T) which is contained in [cjq] — Tci{M). 
Thus [loq] — Tci{M) is a Kahler class, contradicting the definition of T. □ 

We remark that Theorem 17.61 can be proved just as easily using the parabolic Schwarz 
lemma instead of Proposition 12.51 Indeed one can replace Q with Q = log tr^^ ojq + AH 
and apply the Schwarz lemma with the holomorphic map / being the identity map and 
ojn = ujQ. This was the method in [129] . Also, one can find in |129j a different way of 
obtaining a contradiction, one which avoids the higher order estimates. 

We finish this section by mentioning a couple of 'folklore conjectures': 

Conjecture 7.7 Let uj = oj{t) be a solution of the Kdhler-Ricci flow 113.1]) on the maximal 
time interval [0,T). If T < oo then 

R < (7.26) 

for some uniform constant C. 

This conjecture has been established in dimension 1 by Hamilton and Chow [28^ I54j 
and by Perelman in higher dimensions if [loq] = ci(M) > [Sl| (see also [M])- Perelman's 
result makes use of the functionals he introduced in [81]. In |129j . it was shown in a quite 
general setting, that R < C/{T - tf. 

A stronger version of Conjecture 17.71 is: 

Conjecture 7.8 Let lo = u{t) he a solution of the Kdhler-Ricci flow \3.1\) on the maximal 
time interval [0,T). If T < oo then 

iRml < (7.27) 

for some uniform constant C . 

Another way of saying this is that all finite time singularities along the Kahler- Ricci flow 
are of Type I. This is related to a conjecture of Hamilton and Tian that the (appropriately 
normalized) Kahler-Ricci flow on a manifold with positive first Chern class converges to a 
Kahler- Ricci soliton, with a possibly different complex structure in the limit. 
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7.3 Contracting exceptional curves 

In this section we briefly describe, without proof, the example of blowing- down exceptional 
curves on a Kahler surface in finite time. We begin by defining what is meant by a 
blowing-down and blowing-up (see for example [I8]). 

First, we define the blow-up of the origin in C^. Let z^,z'^ be coordinates on C^, and 
let f7 be a open neighborhood of the origin. Define 

U = {(z,i) €U xF^ \ zei}, (7.28) 

where we are considering ^ as a line in through the origin. One can check that U is a 
2-dimensional complex submanifold of U x P^. There is a holomorphic map vr :[/—)• [/ 
given by {z, i) ^ z which maps U\tt^^{0) biholomorphically onto U\{0}. The set 7r~i(0) 
is a 1-dimensional submanifold of U, isomorphic to P^. 

Given a point p in a Kahler surface N we can use local coordinates to construct the 
blow up TT : M ^ N of p, hy replacing a neighborhood U oip with the blow up U as above. 
Thus M is a Kahler surface and vr a holomorphic map extending the local map given above. 
Up to isomorphism, this construction is independent of choice of coordinates. The curve 
E = vr~^(p) is called the exceptional curve. Since vr(i?) = p, the map vr contracts or blows 
down the curve E. Moreover, vr is an isomorphism from M\E to N\{p}. From the above 
we see that is a smooth curve which is isomorphic to P^. Moreover, the reader can check 
that it satisfies E ■ E = —1. 

Conversely, given a curve E on a surface M with these properties we can define a map 
blowing down E. More precisely, we define an irreducible curve ii^ in M to be a {—\)-curve 
if it is smooth, isomorphic to P^ and has E ■ E = —1. If M admits a (— l)-curve E then 
there exists a holomorphic map vr : M — t- to a smooth Kahler surface N and a point 
p £ Y such that vr is precisely the blow down of E to p, as constructed above. Note that 
if E is a (—1) curve then by the Adjunction Formula, Ke ■ E = —1. 

The main result of |107j says that, under appropriate hypotheses on the initial Kahler 
class, the Kahler-Ricci flow will blow down ( — l)-curves on M and then continue on the 
new manifold. To make this more precise, we need a definition. 

Definition 7.9 We say that the solution g{t) of the Kdhler-Ricci flow I7.1\ j on a compact 
Kahler surface M performs a canonical surgical contraction if the following holds. 
There exist distinct ( — 1) curves Ei, . . . , Ef^ of M , a compact Kahler surface N and a blow- 
down map TT : M ^ N with vr(£'j) = yi £ N and Tr\j^j\^yjk ^_ a biholomorphism onto 
N \ {yi , . . . ,yk} such that: 

(i) As t ^ , the metrics g{t) converge to a smooth Kahler metric gx on M \ IJi=i 
smoothly on compact subsets of M\ |Ji=i ^i- 

(a) (M, g{t)) converges to a unique compact metric space {N, d^) in the Gromov-Hausdorff 
sense as t ^ T~. In particular, [N^dx) is homeomorphic to the Kahler surface N. 

(Hi) There exists a unique maximal smooth solution git) of the Kdhler-Ricci flow on N 
for t G {T,Tn), with T < Tn < oo, such that g{t) converges to iTr~^)*gN as t ^ T+ 
smoothly on compact subsets of N \ {yi, . . . , y^}. 
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(iv) {N,g{t)) converges to {N,dx) in the Gromov-Hausdorff sense as t ^ T"*". 



The following theorem is proved in |107j . It essentially says that whenever the evolution 
of the Kahler classes along the Kahler-Ricci flow indicate that a blow down should occur 
at the singular time T < oo, then the Kahler-Ricci flow carries out a canonical surgical 
contraction at time T. 



Theorem 7.10 Let g{t) he a smooth solution of the Kahler-Ricci flow (7.1) on a Kahler 
surface M for t in [0, T) and assume T < oo. Suppose there exists a blow-down map 
vr : M — 7- iV contracting disjoint (—1) curves Ei, . . . , Ej. on M with 7r{Ei) = yi € N, for a 
smooth compact Kahler surface {N,ojn) such that the limiting Kahler class satisfies 

[u;o]-TciiM) = [TT*u;N]. (7.29) 

Then the Kahler-Ricci flow g{t) performs a canonical surgical contraction with respect to 
the data Ei, . . . , E^, N and vr. 

Note that from Theorem 17.51 we have estimates for g{t) on M \ IJ,f^]^ Ei, and thus 
part (i) in the definition of canonical surgical contraction follows immediately. For the 
other parts, estimates are needed for g{t) near the subvariety E. To continue the flow on 
the new manifold, some techniques are adapted from [104] . We refer the reader to |107j 
for the details. In fact, the same result is shown to hold in [107| for blowing up points 
in higher dimensions, and in |108j the results are extended to the case of an exceptional 
divisor E with normal bundle 0{—k), which blows down to an orbifold point. See also |69j 
for a different approach to the study of blow-downs. 

In Section 18.31 we will show how Theorem 17.101 can be applied quite generally for the 
Kahler-Ricci flow on a Kahler surface. 



7.4 Collapsing in finite time 

In this section, we briefly describe, again without proof, another example of a finite time 
singularity. 

Let M be a projective bundle over a smooth projective variety B. That is, M = P(-E), 
where n : E ^ B is a holomorphic vector bundle which we can take to have rank r. Write 
TT also for the map tt : M — >• S. Of course, the simplest example of this would be a product 
B X P*""^. We consider the Kahler-Ricci flow (17. ip on M. The flow will always develop a 
singularity in finite time. This is because 

/ (ci(M)ri>0, (7.30) 
Jf 

for any fiber F, whereas if T = oo then j[ujo] — ci(M) > for all t > 0. The point is that 
the fibers F = must shrink to zero in finite time along the Kahler-Ricci fiow. 
In |101j . it is shown that: 

Theorem 7.11 Assume that 

[ujo]-Tci{M) = [7r*u;B], (7.31) 
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for some Kdhler metric on B. Then there exists a sequence of times ti — t- T and a 
distance function ds on B, which is uniformly equivalent to the distance function induced 
by ujb, such that {M,uj{ti)) converges to {B^ds) in the Gromov-Hausdorff sense. 

Note that from Lemma 17.31 we immediately have ijj{t) > ^tt*lob for some uniform 
C > 0. The key estimates proved in jlOlj are: 

(i) oj{t) < CojQ- 

(ii) diam^(j)F < C(T - ^)^/^ for every fiber F. 

Thus we see that the metrics are uniformly bounded from above along the flow and 
the fibers collapse. Given (i) and (ii) it is fairly straightforward to establish Theorem 17. Hi 
We refer the reader to |101j for the details. 

The following conjectures are made in [101] : 

Conjecture 7.12 With the assumptions above: 

(a) There exists unique distance function ds on B such that {M,uj{t)) converges in the 
Gromov-Hausdorff sense to (Bjds), without taking subsequences. 

(b) The estimate (ii) above can be strengthened to diam^(t)F < C{T — t)^^"^ , for every 
fiber F. 



(c) Theorem 7.11\ (and parts (a) and (b) of this conjecture) should hold more generally 



for a bundle tt : M ^ B over a Kdhler base B with fibers vr ^(6) being Fano manifolds 
admitting metrics of nonnegative bisectional curvature. 

We end this section by describing an example which illustrates both the case of con- 
tracting an exceptional curve and the case of collapsing the fibers of a projective bundle. 
Let M be the blow up of at one point p G P^. Let / : M — )• P^ be the map blowing 
down the exceptional curve E to the point p. To see the bundle structure on M, note that 
the blow-up of at the origin can be identified with M \ f~^[H) for H a hyperplane in 
p2. We have a map vr from the blow up of C^, which is {{z,i) G C'^ x ¥^ \ z £ i}, to P^ 
given by projection onto the second factor. This extends to a holomorphic bundle map 
vr : M — 7- P^ which has P^ fibers. We refer the reader to I106j for more details. 

Writing uji and uj2 for the Fubini-Study metrics on P^ and P^ respectively, we see that 
every Kahler class a on M can be written as a linear combination a = f3[7r*u}i] + 7[/*aj2] 
for /3, 7 > 0. The boundary of the Kahler cone is spanned by the two rays M^0[7r*a;i] and 
^-^[f*uj2]. The first Chern class of M is given by 

ci(M) = [tt*uji] + 2[f*uj2] > 0. (7.32) 

Hence if the initial Kahler metric ujq is in the cohomology class ao = /3o['''"*'^i] + 7o[/*'^2] 
then the solution Lo{t) of the Kahler- Ricci flow (j7.ip has cohomology class 

[w(t)] = /3(i)[vrV]+7(i)[r^2], with /3(t) = /3o - t, 7(t) = 70 - 2t. (7.33) 

There are three different behaviors of the Kahler-Ricci flow according to whether the 
cohomology class [uj{t)] hits the boundary of the Kahler cone at a point on M->°[7r*a;i], at 
a point on ]R^''[/*a;2] or at zero. Namely: 
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(i) If 7o > 2/3o then a singularity occurs at time T = /3o and 

[too] - Tci (M) = 7(r) \ru2] , with 7(T) = 70 - 2/3o > 0. (7.34) 

Thus we are in the case of Theorem 17.101 and the Kahler-Ricci flow performs a 
canonical surgical contraction at time T. 

(ii) If 7o < 2/3o then a singularity occurs at time T = 70/2 and 

[uo] - Tci (M) = /3(r) [7T*uji], with (3{T) = po - 70/2 > 0. (7.35) 

Thus we are in the case of Theorem 17. 1 1 1 and the Kahler-Ricci flow will collapse the 
fibers and converge in the Gromov-Hausdroff sense, after passing to a subsequence, 
to a metric on the base P"^. 

(iii) If 7o = 2/3o then the cohomology class changes by a rescaling. It was shown by 
Perelman |84tl94j that {M,uj{t)) converges in the Gromov-Hausdorff sense to a point. 

The behavior of the Kahler-Ricci flow on this manifold M, and higher dimensional 
analogues, was analyzed in detail by Feldman-Ilmanen-Knopf |44] . They constructed self- 
similar solutions of the Kahler-Ricci flow through such singularities (see also [T7j) and 
carried out a careful study of their properties. Moreover, they posed a number of conjec- 
tures, some of which were established in |106| . 

Indeed if we make the assumption that the initial metric ujq is invariant under a maximal 
compact subgroup of the automorphism group of M, then stronger results than those given 
in Theorems 17.101 and 17.11) were obtained in |106j . In particular, in the situation of case 
(ii), it was shown in |106j that (M, uj{t)) converges in the Gromov-Hausdorff sense (without 
taking subsequences) to a multiple of the Fubini-Study metric on P^ (see also j45]). 

One can see from the above some general principles for what we expect with the Kahler- 
Ricci flow. Namely, the behavior of the flow ought to be able to be read from the behavior 
of the cohomology classes [uj{t)] as t tends to the singular time T. If the limiting class 
[ojq] — Tci{M) = [7r*6Jjv] for some ir : M ^ N with LlIjv Kahler on N, then we expect 
geometric convergence of {M,uj{t)) to {N,ujn) in some appropriate sense. This philosophy 
was discussed by Feldman-Ilmanen-Knopf |44j . 
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8 The Kahler-Ricci flow and the analytic minimal model program 

In this section, we begin by discussing, rather informany, some of the basic ideas behind the 
minimal model program (MMP) with scaling. Next we discuss the program of Song-Tian 
relating this to the Kahler-Ricci flow. Finally, we describe the case of Kahler surfaces. 

8.1 Introduction to the minimal model program with scaling 

In this section, we give a brief introduction of Mori's minimal model program (MMP) in 
birational geometry. For more extensive references on this subject, see \32 \ \33 \ \59 \ I63j. for 
example. We also refer the reader to [99] for a different analytic approach to some of these 
questions. 

We begin with a definition. Let X and Y be projective varieties. A rational map from 
X to y is given by a holomorphic map f : X \ V ^ Y , where V is a subvariety of X. We 
identify two such maps if they agree on X — W for some subvariety W. Thus a rational 
map is really an equivalence class of pairs {fjj, U) where U is the complement of a variety 
in X (i.e. a Zariski open subset of X) and /{/ : C/ — )• y is a holomorphic map. 

We say that a rational map / from X to y is birational if there exists a rational map 
from Y to X such that f o g is the identity as a rational map. If a birational map from X 
to y exists then we say that X and Y are birationally equivalent (or birational or in the 
same birational class). 

Although birational varieties agree only on a dense open subset, they share many 
properties (see e.g. [481 157|). The minimal model program is concerned with finding a 
'good' representative of a variety within its birational class. A 'good' variety X is one 
satisfying either: 

(i) Kx is nef; or 

(ii) There exists a holomorphic map vr : X — )• y to a lower dimensional variety Y such 
that the generic fiber Xy = Tr~^{y) is a manifold with < 0. 

In the first case, we say that X is a minimal model and in the second case we say 
that X is a Mori fiber space (or Fano fiber space). Roughly speaking, since Kx nef can 
be thought of as a 'nonpositivity' condition on ci{X) = [Ric(a;)], (i) implies that X is 
'nonpositively curved' in some weak sense. Condition (ii) says rather that X has a 'large 
part' which is 'positively curved'. The two cases (i) and (ii) are mutually exclusive. 

The basic idea of the MMP is to find a finite sequence of birational maps /i , • • • , /fc 
and varieties Xi, . . . , X^ , 

X = Xq • • • - Xi X2 ■ • • ■ • • - • ■ ► Xk (8.1) 

so that Xk is our 'good' variety: either of type (i) or type (ii). Recall that Kx nef means 
that Kx • C > for all curves C. Thus we want to find maps fi which 'remove' curves C 
with Kx • C < 0, in order to make the canonical bundle 'closer' to being nef. 

If the complex dimension is 1 or 2, then we can carry this out in the category of smooth 
varieties. In the case of complex dimension 1, no birational maps are needed and case (i) 
corresponds to ci{X) < or ci{X) = while case (ii) corresponds io X = ¥^. Note that 
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in case (i), X admits a metric of negative or zero curvature, while in case (ii) X has a 
metric of positive curvature. 

In complex dimension two, by the Enriques-Kodaira classification (see [6]), we can 
obtain our 'good' variety X via a finite sequence of blow downs (see Section [831) ■ 

Unfortunately, in dimensions three and higher, it is not possible to find such a sequence 
of birational maps if we wish to stay within the category of smooth varieties. Thus to carry 
out the minimal model program, it is necessary to consider varieties with singularities. This 
leads to all kind of complications, which go well beyond the scope of these notes. For the 
purposes of this discussion, we will restrict ourselves to smooth varieties except where it is 
absolutely impossible to avoid mentioning singularities. 

We need some further definitions. Let X be a smooth projective variety. As we have 
discussed in Section [1.71 there is a natural pairing between divisors and curves. A 1- cycle 
C on X is a formal finite sum C = ajC,, for ai £ "Z and Cj irreducible curves. We say 
that 1-cycles C and C are numerically equivalent if D-C = D-C for all divisors D, and in 
this case we write C ~ C. We denote by Ni{X)z the space of 1-cycles modulo numerical 
equivalence. Write 

Ni{X)q = Ni{X)z'S>zQ and Ni{X)u = Ni{X)z <S>z^. (8.2) 

Similarly, we say that divisors D and D' are numerically equivalent if D ■ C = D' ■ C 
for all curves C. Write N^{X)z for the set of divisors modulo numerical equivalence. 
Define N^{X)q, N^{X)^ similarly. One can check that Ni{X)k and A^^(X)]r are vector 
spaces of the same (finite) dimension. In the obvious way, we can talk about 1-cycles 
with coefficients in Q or M (and correspondingly, Q- or R-divisors) and we can talk about 
numerical equivalence of such objects. 

Within the vector space A^i(X)]k is a cone NE{X) which we will now describe. We say 
that an element of A^i(X)ig is effective if it is numerically equivalent to a 1-cycle of the 
form C = aiCi with a-i € M-*^ and Cj irreducible curves. Write NE{X) for the cone of 
effective elements of Ni[X)^, and write NE{X) for its closure in the vector space A'^i(X)]r. 
The importance of NE{X) can be seen immediately from the following theorem, known 
as Kidman's criterion: 



Theorem 8.1 ^ divisor D is ample if and only if D ■ w > for all nonzero w G NE{X). 

We can now begin to describe the MMP with scaling of [7]. This is an algorithm for 
finding a specific sequence of birational maps fi, ■ ■ ■ fk- First, choose an ample divisor H 
on X. Then define 

T = sup{t> \ H + tKx > 0}. (8.3) 

If T = oo, then we have nothing to show since Kx is already nef and we are in case (i). 
Indeed, if C is any curve in X then 

Kx-C = ^{H + tKx)-C-jH-C>-^H-C^O as t ^ oo. (8.4) 

We can assume then that T < oo. We can apply the Rationality Theorem of Kawamata 
and Shokurov [59[l63j to see that T is rational, and hence H+TKx defines a Q-line bundle. 
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Next we apply the Base Point Free Theorem (part (ii) of Theorem ll.l2p to L = H+TKx 
to see that for sufficiently large m E Z-'', L™ is globally generated and H^{X,U^) defines 
a holomorphic map vr : X ^ such that L"^ = tt*0{1). We write Y for the image of vr. 
This variety Y is uniquely determined for m sufficiently large. The next step is to establish 
properties of this map vr. 

Define a subcone NE{-k) of NE{X) by 

iV^(7r) = {we NE{X) I L • = 0}, (8.5) 

which is nonempty by Theorem 18. 11 We now make the following: 

Simplifying assumption: NE{tt) is an extremal ray of NE(X). 

A ray R of NE{X) is a subcone of the form R = {\w \ A € [0, oo)} for some w € 
NE{X). We say that a subcone C in NE{X) is extremal if a, 6 G NE{X), a + b e C 
implies that a,b £ C. In general, NE{Tr) is an extremal subcone but not necessarily a ray. 
However, it is expected that it will be an extremal ray for generic choice of initial ample 
divisor H (see the discussion in |104j ). 

Remark 8.2 In the case that NE{tt) is not an extremal ray, one can still continue the 
MMP with scaling by applying Mori's Cone Theorem [62] to find such an extremal ray 
contained in NE{tt). 

The extremal ray R = NE{tt) has the additional property of being Kx -negative. We 
say that a ray is Kx -negative if Kx -w < for all nonzero w in the ray. Clearly this is true 
in this case since Q = L- w = H- w + TKx • w and therefore Kx • w = —T^^H • u; < if u; 
is a nonzero element of R. Thus from the point of view of the minimal model program, R 
contains 'bad' curves (those with negative intersection with Kx) which we want to remove. 

Moreover, the map vr contracts all curves whose class lies in the extremal ray R = 
NE['k). The union of these curves is called the locus of R. In fact, the locus of R = NE{Tr) 
is exactly the set of points where the map vr : X — t- y is not an isomorphism. Moreover, R 
is a subvariety of X \33\ I62j. There are three cases: 

Case 1. The locus of R is equal to X. In this case tt is a fiber contraction and X is a 
Mori fiber space. 

Case 2. The locus of R is an irreducible divisor D. In this case vr is called a divisorial 
contraction. 

Case 3. The locus of R has codimension at least 2. In this case, tt is called a small 
contraction. 

The process of the MMP with scaling is then as follows: if we are in case 1, we stop, 
since X is already of type (ii). In case 2 we have a map tt : X ^ Y C to a subvariety 
Y. Let Hy on Y be restriction of 0(1) |y. We can then repeat the process of the minimal 
model program with scaling with (Y, Hy) instead of {X, H). 
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The serious difficulties occur in case 3. Here the image y of vr will have very bad 
singularities and it will not be possible to continue this process on Y. Instead we have 
to work on a new space given by a procedure known as a flip. Let vr : X — )• y be a 
small contraction as in case 3. The flip of vr : X — )• y is a variety X+ together with a 
holomorphic birational map vr^ : — )■ Y satisfying the following conditions: 

(a) The exceptional locus of vr^ (that is, the set of points in X+ on which tt~^ is not an 
isomorphism) has codimension strictly larger than 1. 

(b) If C is a curve contracted by tt~^ then Kx+ ■ C > 0. 
Thus we have a diagram 



The composition (7r+)~^ o vr is a birational map from X to and is also sometimes 

called a flip. In going from X to y we have contracted curves C with Kx ■ C < 0. The 
point of (b) in the definition above is that in going from Y to X^ we do not wish to 'gain' 
any curves C of negative intersection with the canonical bundle. The process of the flip 
replaces curves C on X with Kx ■ C < with curves C on X^ with Kx+ ■ C > 0. This 
fits into the strategy of trying to make the canonical bundle 'more nef. 

Given a small contraction tt : X ^ Y, the question of whether there actually exists 
a flip vr~^ : X^ — t- y is a difficult one. It has been established for the MMP with scaling 
[71 El] • Returning now to the MMP with scaling: if we are in case 3 we replace X by its 
flip X~^ and we denote by the strict transform of C'(l)|y via vr"*" (see for example [57]). 
We can now repeat the process with (X~^,H~^) instead of {X,H). 

We have described now the basic process of the MMP with scaling. Start with {X, H) 
and find tt : X ^ Y contracting the extremal ray R on which H + TKx is zero. In case 
1, we stop. In case 2 we carry out a divisorial contraction and restart the process. In case 
3, we replace X by its ffip X~^ and again restart the process. A question is now: does this 
process terminate in finitely many steps? It was proved in [71 [51] that the answer to this 
is yes, at least in the case of varieties of general type. If we have not already obtained a 
Mori fiber space, then the final variety Xj, contains no curves C with Kx • C < 0, and we 
are done. 

We conclude this section with an example of a flip (see [33lll09j ). Let Xjn,n = P(Op" ® 



C'pn(-l)®("^+i)) be the bundle over P". Let Ym,n be the projective cone over P™ xP' 
in by the Segre embedding 



Note that Ym^n = Yn,m- Then there exists a holomorphic map <I>m,n. : Xm,n — ^ Ym.n for 
m > 1 contracting the zero section of Xm,n of codimension m + 1 to the cone singularity 



X 




(8.6) 



y 
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of Y^ n- The following diagram gives a flip from n to X„ ^ for 1 < m < n, 



X, 




m,n 



. X, 



n,m 



(8.7) 



8.2 The Kahler-Ricci flow and the MMP with scaling 

Let X be a smooth projective variety with an ample divisor H. We now relate the MMP 
with scaling to the (mmormalized) Kahler-Ricci flow 



We assmne that the initial metric loq lies in the cohomology class ci([-ff]) associated to 
the divisor H. As we have seen from Section [3 .11 a smooth solution Lo{t) of the Kahler-Ricci 
flow exists precisely on the time interval [0, T), with T defined by (j8.3p . In general, we 
expect that as t — )• T, the Kahler-Ricci flow carries out a 'surgery', which is equivalent to 
the algebraic procedure of contracting an extremal ray, as discussed above. 

The following is a (rather sketchy) conjectural picture for the behavior of the Kahler- 
Ricci flow, as proposed by Song and Tian in \IQ2\ 11041 1115j . 

Step 1. We start with a metric ujq in the class of a divisor H on a variety X. We then 
consider the solution oj[t) of the Kahler-Ricci flow (j8.8p on X starting at ujq. The flow 
exists on [0, T) with T = sup{i > | + tKx > 0}. 

Step 2. If T = oo, then Kx is nef and the Kahler-Ricci flow exists for all time. The 
flow oj[t) should converge, after an appropriate normalization, to a canonical 'generalized 
Kahler-Einstein metric' on X as i — >• oo. 

Step 3. If T < oo, the Kahler-Ricci flow deforms X to (Y^gy) with a possibly singular 
metric as t — )■ T. 

(a) If dimX = dimy and Y differs from X by a subvariety of codimension 1, then we 
return to Step 1, replacing (X, go) by {Y^gy)- 

(b) If dim X = dim Y and Y differs from X by a subvariety of codimension greater than 
1, we are in the case of a small contraction. Y will be singular. By considering an 
appropriate notion of weak Kahler-Ricci flow on Y , starting at gy, the flow should 
immediately resolve the singularities of Y and replace Y by its flip X'^ (see |109j ). 
Then we return to Step 1 with X"*". 

(c) If < dimy < dimX, then we return to Step 1 with (Y^gy). 



d 



Ric(w) 
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(d) If dimy = 0, X should have ci{X) > 0. Moreover, after appropriate normahzation, 
the solution {X,uj{t)) of the Kahler-Ricci flow should deform to {X',u') where X' is 
possibly a different manifold and u' is either a Kahler-Einstein metric or a Kahler- 
Ricci soliton (i.e. Ric(a;') = u' + Cv{i^') for a holomorphic vector field V). See the 
discussion after Conjecture 17.81 

Namely, the Kahler-Ricci flow should construct the sequence of manifolds Xi , . . . , X^. 
of the MMP with scaling, with X^ either nef (as in Step 2) or a Mori fiber space (as in 
Step 3, part (c) or (d)). If we have a Mori fiber space, then we can continue the flow on 
the lower dimensional manifold Y, which would correspond to a lower dimensional MMP 
with scaling. At the very last step, we expect the Kahler-Ricci flow to converge, after an 
appropriate normalization, to a canonical metric. 

In |104j . Song-Tian constructed weak solutions for the Kahler-Ricci flow through the 
finite time singularities if the flips exist a priori. Such a weak solution is smooth outside 
the singularities of X and the exceptional locus of the contractions and flips, and it is a 
nonnegative closed (1, l)-current with locally bounded potentials. Furthermore, the weak 
solution of the Kahler-Ricci flow is unique. 

In Step 2, when T = oo, one can say more about the limiting behavior of the Kahler- 
Ricci flow. The abundance conjecture in birational geometry predicts that Kx is semi- 
ample whenever it is nef. Assuming this holds, the pluricanonical system H^{X, K^) for 
sufficiently large m induces a holomorphic map (p : X ^ -'^can- ^can is called the canonical 
model of X and it is uniquely determined by the canonical ring of X. If we assume that 
X is nonsingular and Kx is semi-ample, then normalized solution g{t)/t always converges 
weakly in the sense of distributions. Moreover: 

• If kod(X) = dimX, then Xc^n is birationally equivalent to X and the limit of g{t)/t 
is the unique singular Kahler-Einstein metric on Xam |1161 1121] . If X is a singular 
minimal model, we expect the Kahler-Ricci flow to converge to the singular Kahler- 
Einstein metric of Guedj-Eyssidieux-Zeriahi |43j . 

• If < kod(X) < dimX, then X admits a Calabi-Yau fibration over Xcam and the 
limit of g{t)/t is the unique generalized Kahler-Einstein metric (possibly singular) 
5can on Xcan defined by Ric(gcan) = -ffcan + S'WP away from a subvariety of Xcan, 
where ^wp is the Weil-Petersson metric induced from the Calabi-Yau fibration of X 
over Xean [TOSKIOS]. 

• If kod(X) = 0, then X itself is a Calabi-Yau manifold and so the limit of g{t) is the 
unique Ricci flat Kahler metric in its initial Kahler class 1124] . 

A deeper question to ask is whether such a weak solution is indeed a geometric solution 
of the Kahler-Ricci flow in the Gromov-Hausdorff topology. One would like to show that 
the Kahler-Ricci flow performs geometric surgeries in Gromov-Hausdorff topology at each 
singular time and replaces the previous projective variety by a 'better' model. Such a 
model is again a projective variety and the geometric surgeries coincide with the algebraic 
surgeries such as contractions and flips. If this picture holds, the Kahler-Ricci flow gives a 
continuous path from X to its canonical model Xcan coupled with a canonical metric in the 
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moduli space of Gromov-HausdorfF. We can further ask: how does the curvature behave 
near the (finite) singular time? Is the singularity is always of Type I (see Conjecture I7.8P ? 
Will the flow give a complete or compact shrinking soliton after rescaling (cf. [17^ 144])? 

8.3 The Kahler-Ricci flow on Kahler surfaces 

In this section, we describe the behavior of the Kahler-Ricci flow on Kahler surfaces, and 
how it relates to the MMP. For the purpose of this section, X will be a Kahler surface. 

We begin by discussing the minimal model program for surfaces. It turns out to be 
relatively straightforward. We obtain a sequence of smooth manifolds Xi, . . . ,Xk and 
holomorphic maps /i , . . . , , 

X = Xo • • • - • - Xi X2 • ■ - Xk (8.9) 

with Xk 'minimal' in the sense described below. Moreover, each of the maps fi is a blow 
down of a curve to a point. 

We say that a Kahler surface X is a minimal surface if it contains no (— l)-curve. By 
the Adjunction Formula, a surface with Kx nef is minimal. On the other hand, a minimal 
surface may not have Kx nef (an example is P^) and hence this definition of minimal 
surface differs from the notion of 'minimal model' discussed above. 

The minimal model program for surfaces is simply as follows: given a surface X, con- 
tract all the (— l)-curves to arrive at a minimal surface. The Kodaira-Enriques classification 
can then be used to deduce that one either obtains a minimal surface with Kx nef, or a 
minimal Mori fiber space. A minimal Mori fiber space is either or a ruled surface^ i.e. 
a P^ bundle over a Riemann surface (in the literature, sometimes a broader definition for 
ruled surface is used). Dropping the minimality condition, Mori fiber spaces in dimen- 
sion two are precisely those surfaces birational to a ruled surface. Note that since IS 
birational to P^ x P^, every surface birational to P^ is birational to a ruled surface. 

We wish to see whether the Kahler-Ricci flow on a Kahler surface will carry out this 
'minimal model program'. The Kahler-Ricci flow should carry out the algebraic procedure 
of contracting (— l)-curves. Recall that in Section [7.31 we defined the notion of canonical 
surgical contraction for the Kahler-Ricci flow. 

Starting at any Kahler surface X, we will use Theorem 17.101 to show that the Kahler- 
Ricci flow will always carry out a finite sequence of canonical surgical contractions until it 
either arrives at a minimal surface or the flow collapses the manifold. 

Theorem 8.3 Let [X^uq) he a Kahler surface with a smooth Kahler metric ojq. Then 
there exists a unique maximal Kahler-Ricci flow uj{t) on Xq^Xi, . . . ^X^ with canonical 
surgical contractions starting at {X^ujq). Moreover, each canonical surgical contraction 
corresponds to a blow-down vr : Xj — ?• Xj+i of a finite number of disjoint (—1) curves on 
Xi. In addition we have: 

(a) Either < 00 and the flow uj{t) collapses X^, in the sense that 

Volj^(i)Xfc 0, as t^T^:. 
Then X^ is birational to a ruled surface. 
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(b) Or Tf^ = oo and has no (—1) curves. 

Proof Let Ti be the first singular time. If Ti = oo then Kx is nef and hence X has no 
(— l)-curves, giving case (b). 

Assume then that Ti < oo. The hmiting class at time Ti is given by a = [ujq]—TiCi{X). 
Suppose that 

= lim {[ujo] - tci{X))^ = lim Volg(i)X > 0, (8.10) 

t — ^Ti t — ^Ti 

SO that we are not in case (a). Thus the class a is nef and big. On the other hand, a 
cannot be a Kahler class by Theorem 13. 11 

We further notice that a + £[ujo] is Kahler for all e > by Theorem 13. 1[ Then 

a - {a + e[ujo]) = + ea ■ [uq] > (S-H) 

if we choose e > sufficiently small. 

We now apply the Nakai-Moishezon criterion for Kahler surfaces (Theorem I1.15|) to see 
that there must exist an irreducible curve C on X such that a ■ C = 0. Let £ be the space 
of all irreducible curves E on X with a ■ E = 0. Then £ is non-empty and every E in £ 
has ii^^ < by the Hodge Index Theorem (Theorem II. 14p . Moreover, ii E £ £, 

E-Kx = ^E-{a- [uo]) = -^E ■ [ojq] < 

since [coq] is Kahler. It then follows from the Adjunction formula (Theorem I1.13P that E 
must be a (—1) curve. 

We claim that if Ei and E2 are distinct elements of £ then they must be disjoint. Indeed, 
since Ei, E2 are irreducible and distinct we have Ei ■ E2 > 0. Moreover, {Ei + E2) ■ a = 
and applying the Hodge Index Theorem again, we see that > {Ei + E2)'^ = -2 + 2Ei-E2, 
so that the only possibility is Ei ■ E2 = 0, proving the claim. It follows that £ consists of 
finitely many disjoint (—1) curves Ei,...,Ej^. 

Let TT : X — )• y be the blow-down map contracting Ei,...,Ek on X. Then Y is again 
a smooth Kahler surface. Since H'^'^{X,R) is generated by H^'^{Y,R) and the ci{[Ei]) for 
2 = 1, ...,k (see for example Theorem 1.9.1 in [6]), there exists /3 G ff^'^(A', M) and aj G R 
such that 

k 

a = 7T*^ + ^aiCi{[E,]). (8.12) 

i=l 

Since ir* f3 ■ Ei = for each i = 1, k, we have a ■ Ei = Ui = for all i and hence a = 7r*/3. 

We claim that /3 is a Kahler class on Y. First, for any curve C on Y, we have (5 ■ C = 
a • 7r*C > 0. Moreover, = > 0. 

By the Nakai-Moishezon criterion, it remains to show that /3 • 7 > for 7 some fixed 
Kahler class on Y . Now /3 • 7 = a • 7r*7 = lim^.^.^^- [oj{t)] ■ 7r*7 > 0. Then put 7 = 7 + c/3 
for c > 0. If c is sufficiently small then 7 is Kahler and since > we have /? • 7 > 0, as 
required. 

We now apply Theorem 17.101 to see that the Kahler-Ricci flow performs a canonical 
surgical contraction. We repeat the above procedure until either the volume tends to or 
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the flow exists for all time. This proves that either < oo and Vol^^^^X^ — t- as i — ?• TjT 
or Tfc = oo and X^, has no (—1) curves. 

Finally, in the case (a), the theorem follows from Proposition 18.41 below. □ 

We make use of Enriques-Kodaira classification for complex surfaces (see [6]) to prove: 

Proposition 8.4 Let {X,ujq) be a Kdhler surface with a smooth Kdhler metric loq. Let T 
he the first singular time of the Kdhler-Ricci flow Ii8.^) . If T < oo and Volg(j)X — >■ 0, as 
t ^ T. Then X is birational to a ruled surface. Moreover: 



(a) Either there exists C > such that 

< 

{T-t 



1 VoLmX 



and X is a Fano surface (in particular, is birational to F^) and coq G Tci{X). 
(h) Or there exists C > such that 

, \o\m\X 

- - \ I 

If X is Fano then ojq is not in a multiple of ci{X). 

Proof We first show that X is birational to a ruled surface. Suppose for a contradiction 
that kod(X) > 0. Then some multiple of Kx has a global holomorphic section and hence 
is effective. In particular, {[ojq] + TKx) ■ Kx > 0, since [ujq] + TKx is a limit of Kahler 
classes. Then 

= ([wo] + TKx f = T{[ioo] + TKx) • Kx + {[too] + TKx) • [^o] 

>{[uJo]+TKx)-[uJo]>0, (8.15) 

which implies that {[u)o] + TKx) ■ [f^o] = 0. Using the Index Theorem and the fact that 
[ujq]^ > and {[coq] + TKx)^ = we have [loq] + TKx = 0. But this implies that X is 
Fano, contradicting the assumption kod(X) > 0. Thus we have shown that X must have 
kod(X) = — oo. By the Enriques-Kodaira classification for complex surfaces which are 
Kahler (see chapter VI of [6]), X is birational to a ruled surface. 

Since Volg(j)X = ([wq] + tKx)'^ is a quadratic polynomial in t which is positive for 
t G [0, T) and tends to zero as t tends to T, we have 

Volg^t)X = [uof + 2t[iOo] • Kx + t^K], = Ci{T-t) + C2{T - tf, (8.16) 

for constants Ci > and C2. First assume Ci = 0. Then C2 > and we are in case (a). 
From (I8.16P we obtain 

i^i = C2>0, \u^f = KlT^, [ujo]-Kx = -K],T<0. (8.17) 

In particular, ([wq] + TKx) • [1^0] = and hence by the Index Theorem, [dq] + TKx = 0. 
Thus X is Fano and ujq G Tci{X). Note that by the classification of surfaces, X is either 
pi X pi or p2 blown-up at k points for 1 < /c < 8. 

Finally, if Ci > then we are in case (b). If [cjq] is a multiple of ci{X) then the volume 
Volg(t)X tends to zero of order (T — t)^, a contradiction. □ 
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We now discuss the long time behavior of the Kahler-Ricci flow when we are in case 
(b) of Theorem 18. 3[ There are three different behaviors of the Kahler-Ricci flow as t — )• oo 
depending on whether X has Kodaira dimension equal to 0, 1 or 2: 

• if kod(X) = 0, then the minimal model of X is a Calabi-Yau surface with ci{X) = 0. 
The flow g{t) converges smoothly to a Ricci-flat Kahler metric as t ^ oo, as shown 
in Section [6l 

• If kod(X) = 1, then \g{t) converges in the sense of currents to the pullback of the 
unique generalized Kahler-Einstein metric on the canonical model of X as t — )■ oo 
|102j . A simple example of this is given in Section [6] in the case of a product elliptic 
surface. 

• If kod(X) = 2, jg{t) converges in the sense of currents (and smoothly outside a 
subvariety) to the pullback of the unique smooth orbifold Kahler-Einstein metric on 
the canonical model of X as t — )• oo |6H 11161 I122j . In the case that ci{X) < 0, 
we showed in Section [6] that jg{t) converges smoothly to a smooth Kahler-Einstein 
metric. 

In fact, in the case when Tk = oo, the scalar curvature of jg{t) is uniformly bounded 
as t — )• oo [105^ I128j . Furthermore, if we assume that X^ is a minimal surface of general 
type, and it admits only irreducible (— 2)-curves, then {X^, jg(t)) converges in Gromov- 
Hausdorff sense to its canonical model with the unique smooth orbifold Kahler-Einstein 
metric |108j . 
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